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Abstract

The detection of correlations is a an important data mining task because correlations may

reveal a dependency or some cause and effect relationship between the features under consid-

eration. In data modeling correlations may also be used to reduce the dimensionality of the

data. In recent applications of clustering such as microarray analysis, collaborative filtering,

and text mining, object similarity is no longer measured by physical distance, but rather by the

behavior patterns objects manifest. Coherent behavior patterns induce large correlations among

their defining features. Hence, the identification of correlations is a means by which so called

pattern clusters can also be discovered. Current state of the art algorithms typically postulate

specific cluster models that are able to capture only specific behavior patterns, and omit the

possibility that other information carrying patterns may co-exist in the data. This in turn may

lead to a large bias in the results. We cast the problem of searching for clusters that induce

large correlations among some subset of features into the problem of searching for groups of

points that fit lines. The advantage of this approach is that is allows the clustering of different

behavior patterns or correlations simultaneously. It also allows the clustering of patterns that

are overlooked by existing methods. A formal stochastic line cluster model is presented and its

connection to correlation is established. Based on this model an algorithm designed to search

for line clusters embedded in subspaces of the data is discussed. The algorithm uses a stochastic

model fitting technique, feature selection, and a random walk. A broad evaluation on synthetic

data demonstrates that our method attains high accuracy in cluster and subspace detection, and

superiority over a related method. Applied on real data we show that our method is able to

identify statistically significant clusters, some which are overlooked by related methods.
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1 Introduction

Interest in clustering as a data mining technique has increased substantially in recent years due to

new areas of application such as DNA microarray analysis in bioinformatics, text clustering, and

recommendation or collaborative filtering systems in E-commerce. Many of these applications are

now characterized by high dimensional data. An important advance in this area was the introduction

of subspace clustering [1, 2, 3, 4] in an attempt to face the new challenges posed by high dimensional

data. A subspace cluster consists of a subset of points and a corresponding subset of features (dimen-

sions), such that these points form a dense region in a subspace defined by the set of corresponding

features.

Traditional clustering methods including those used in subspace clustering focus on grouping

objects with similar values. They define object similarity by the “physical” distance between the

objects over all or a subset of dimensions, which in turn may not be adequate to capture correlations

in the data. A set of points may be located far away from each other yet induce large correlations

among some subset of dimensions. The detection of correlations is a an important data mining

task because correlations may reveal a dependency or some cause and effect relationship between

the features under consideration. Another important application of correlations is in data modeling

where correlations may be used to carry out (local) dimensionality reduction by eliminating corre-

lated (redundant) features. In recent studies these correlations were often discussed and presented in

terms of the behavior patterns objects manifest, hence the name pattern clustering often associated

with methods amid at this type of problem. In gene expression microarray clustering the goal is

to identify groups of genes that exhibit similar expression patterns under some subset of conditions

(dimensions), from which gene function or regulatory mechanisms may be inferred. In recommen-

dation or collaborative filtering systems, sets of customers with similar interest patterns need to be

identified so that customers’ future interests can be predicted and proper recommendations be made.

From a correlation point of view it can be shown that objects exhibiting coherent behavior patterns

induce large correlations among their defining features. Hence, the identification of large correlations

is a means by which pattern clusters can also be discovered. Because pattern clusters are based on

specific linear models they capture only specific linear dependencies between features, which in turn

give rise to specific types of (linear) correlations.

The most widely studied pattern cluster models are the shift and scaling models, which induce
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Figure 1: Parallel coordinate plots of three different pattern clusters.

only positive correlations and are typically referred to as biclusters [5, 6, 7] in the microarray clus-

tering literature, and slope one clusters in the collaborative filtering literature [8]. In the case of a

shift pattern the behavior pattern of one object under a set of features is offset from another by some

constant, whereas in the case of scaling the behavior pattern of one object is a scaler multiple of an-

other. The corresponding linear dependencies between each pair of features xi, xj captured by these

two types of patterns are of the form xj = xi + cij and xj = bijxi respectively, where bij and cij are

constant coefficients. From the above it is now clear why the shift and scaling patterns induce large

correlations. Fig. 1 shows parallel coordinate plots of three different types of patterns clusters each

containing ten points embedded in an 8-dimensional space: a shift pattern inducing only positive

correlations, a scaling pattern also inducing only positive correlations, and a pattern inducing both

positive and negative correlations. These type of plots are used to emphasize symmetry or cohesion

in behavior patterns. Note that the pattern inducing negative correlations does not manifest the

same symmetry as the other two.

In recent studies [9, 10, 11, 12] it has been suggested that other types of information carrying

patterns such as patterns inducing negative correlations or patterns capturing more complex linear

dependencies, such as xj = bijxi + cij of which the shift and scaling are special cases, are completely

overlooked by most clustering methods, and that current state of the art algorithms are not flexible

enough to mine different patterns simultaneously. It has also been suggested [7] that traditional sim-

ilarity measures, such as the cosine or the Pearson correlation measures, are not adequate to capture

correlations or pattern clusters when those localize to subspaces of the data, as they are strongly

biased by the data residing the in the “irrelevant” dimensions. While there is no consensus on what

types of patterns should be considered meaningful, in practice pattern based clustering algorithms
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postulate a unique underlying “globally expressed” pattern or cluster model, while overlooking or

rejecting the possibility that other types of information carrying patterns may co-exist in the data.

This in turn is less truthful to the data and may lead to a large bias in the results.

In recent work [13] it was shown that different types of pattern clusters, can all be generalized to

linear manifolds1 of which a line (a 1D linear manifold) is a special case. The main insight provided

by the study is that within the set of relevant features to a pattern cluster, the points form a line

and in the full space a linear manifold of higher dimension. Hence by searching for lines or linear

manifolds rather than specific patterns it is possible to cluster simultaneously all the different types

of pattern clusters. In the same study it was also found that the geometrical difference between

the different pattern clusters is the orientation (e.g. a line cluster of slope one represents a shift

pattern) and translation of the cluster in the space. Fig. 2 shows the geometry of three different

types of pattern clusters each including 10 points embedded in a 3-dimensional space. Notice how

they all form lines. In [14] an algorithm designed to identify lower dimensional linear manifold

clusters is presented. While effective in identifying linear manifolds clusters, it suffers from several

shortcomings that render it from truly exploiting the full potential that linear manifolds may offer

to the problem of pattern and correlation clustering. One of its main problems is its inability to

cluster lower dimensional pattern or correlation clusters as these correspond to higher dimensional

linear manifolds.

In this paper we present a new method designed to concurrently identify different types of corre-

lations and pattern clusters, including those overlooked by existing methods, which are embedded in

subspaces of the data. Our method is based on the observation that correlations manifest themselves

as lines in the data space, and thus cast the problem into the problem of searching for groups of

points that fit lines (line clusters) in subspaces of the data. We start by presenting a formal stochas-

tic “line cluster” model in section 2, and present a general result that establishes its connection

to correlations. In section 3 we present an algorithm called SLCLUS (Subspace Line CLUStering),

which is based on a stochastic model fitting technique. It uses a line detector procedure to search

for line clusters in subspaces of the data, a forward-feature-selection technique to extend and refine

a cluster, and a random walk on the feature’s lattice to select an initial set of features to initiate the

clustering process. In section 4 we discuss how to set the inputs to the algorithm, while in section 5

we discuss its algorithmic complexity. In section 6 an extension to fuzzy clustering is proposed, in

1A linear manifold is a translated subspace. A subspace is a subset of points closed under linear combination.
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Figure 2: The geometry of the three pattern clusters in the data space. All are manifested by lines
but are oriented and translated differently depending on the type of pattern they manifest. A regular
cluster (reg) is also plotted to emphasize the difference between pattern and regular clusters.

section 7 an empirical evaluation of the algorithm on both real and synthetic data is presented, and

in section 8 we conclude the paper.

2 The Line Cluster Model

Suppose a line cluster X exists in a k-dimensional axis-parallel subspace 2. Let x be a k × 1 vector

representing some point in X , β be a unit norm k×1 vector that spans a 1D subspace, β be a k×k−1

matrix whose k − 1 column vectors form an orthonormal basis that spans the space orthogonal to

the space spanned by β.

Definition 1 (The Line Cluster Model). Let µ be some point in R
k, φ be a zero mean random

scalar distributed according to U(−R/2, +R/2) where R is the range of the data, and ǫ be a k−1×1

random vector distributed according to N(0, σ2I), where σ ≪ R. Then each x ∈ X is modeled by,

x = µ + βφ + βǫ. (1)

Explanation: The idea is that each point in a cluster lies close to a line (1D linear manifold) of

finite extent, which is defined by µ, a translation vector, the space spanned by the vector β, and the

2The term subspace in the context of clustering is often misused to indicate a subset of the original measurement
features (axis-parallel subspace) which is a special case of a subspace. We will follow the trend and leave it to the
reader to distinguish between the two throughout the paper.
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range parameter R. Since E[φ] = 0, E[ǫ] = 0, and

E[x] = E[µ + βφ + βǫ] = µ + βE[φ] + βE[ǫ] = µ + 0 + 0 = µ,

the cluster mean is µ. On the line the points are assumed to be uniformly distributed in direction β

according to U(−R/2, +R/2), where φ can be viewed as the displacement or distance of a point from

the line’s center. The assumption of uniformity is not binding, and can be replaced by any other

distribution with mean zero. What characterizes this type of cluster is the third component that

models a small random error associated with each point on the line. The idea is that each point may

be perturbed in directions that are orthogonal to the subspace spanned by β, that is the subspace

spanned by the k − 1 columns of β. We model this behavior by requiring that ǫ be a k − 1 × 1

random vector, normally distributed according to N(0, σ2I), where σ is much smaller than R. The

requirement that ǫ has a diagonal covariance matrix with equal variances σ2 along the diagonal is

common to other quantitative models such as the shift, scaling, and regression models that assume

homoscedasticity (constant variance). This also simplifies the model making statistical inference

(done later) easier. The error, ǫ, can be thought of as the displacement or distance of a point to its

projection onto the line, which essentially transforms the line into a thin elongated cylinder.

2.1 Lines and Correlations

Fundamental to our method is the connection between line clusters and correlation, established by

the following proposition.

Proposition 1. A set of points induce perfect correlations among a set of k features if and only if

the set of points perfectly fit a line cluster in this set of features.

Proof : Following the model given in eq. (1) a set of points will perfectly fit a line cluster if they do

not include an error term which translates them away from the line. Formally, a perfect fit implies

that ǫ = 0 and that each point within the set of k features can be modeled by x = µ + βφ. By

perfect correlations we mean that the correlation coefficient ρij between any pair of features i and

j or equivalently the random components xi and xj of the random vector x, are equal to 1 or −1.

The proposition can now be stated formally as

x = µ + βφ ⇔ ∀i, j ∈ {1, . . . , k} ρij = ±1.
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(⇒): Given x = µ + βφ, each component or feature of x denoted by xi is equal to µi + φβi where

µi and βi are the i-th components of vectors µ and β. Hence,

Var[xi] = Var[µi + φβi] = β2
i Var[φ],

Cov(xi, xj) = E[xixj ] − E[xi]E[xj ] = E[(µi + φβi)(µj + φβj)] − µiµj

= E[µiµj + µiφβj + µjφβi + φ2βiβj] − µiµj

= µiµj + 0 + 0 + βiβjE[φ2] − µiµj

= βiβjE[φ2] = βiβjVar[φ],

and therefore

ρij =
Cov(xi, xj)

√

Var[xi]
√

Var[xj ]
=

βiβjVar[φ]
√

β2
i Var[φ]

√

β2
j Var[φ]

=
βiβjVar[φ]
√

β2
i β2

j Var[φ]
=

βiβj

|βiβj |
= ±1.

(⇐): Given ∀i, j ∈ {1, . . . , k} ρij = ±1. Assume Var[xi] = α2
i and Var[xj ] = α2

j , and let xi

αi
− xj

αj
be

a new random variable (r.v.). Then,

Var

[

xi

αi

−
xj

αj

]

= Var

[

xi

αi

]

+ Var

[

xj

αj

]

− 2Cov

(

xi

αi

,
xj

αj

)

=
Var[xi]

α2
i

+
Var[xj ]

α2
j

− 2
Cov(xi, xj)

αiαj

= 1 + 1 − 2ρij = 2(1 − ρij).

Now ρij = 1 implies that Var
[

xi

αi
− xj

αj

]

= 0 which in turn implies that the r.v. xi

αi
− xj

αj
= c, i.e.,

equals a constant, from which we can then establish a linear relationship between xi and xj of the

form xj = bijxi + cij . Similarly, ρij = −1 implies that Var
[

xi

αi
+

xj

αj

]

= 0, which again establishes

a linear relationship between xi and xj of the form xj = bijxi + cij . By introducing βi, βj, µi, µj ,

where bij = βj/βi and cij = −βjµi/βi + µj , and substituting them into xj = bijxi + cij we get

xi − µi

βi

=
xj − µj

βj

.
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Since both sides of the equation define a r.v. we may choose to call this r.v. φ, yielding that

xi = µi + βiφ and xj = µj + βjφ.

Now collecting all the scalar equations of the form above, and putting then in vector format gives

the final result that x = µ + βφ.

Using elements of the this proof it can also be shown that the more a set of points deviates

from a predefined line (the parameters µ and β are fixed) modeled by eq. (1), the less correlated the

features underlying the points will be, where the amount of correlation depends on the size of σ2.

3 The Algorithm

Supported by proposition 1 the problem of searching for groups of points which induce large correla-

tions in subspaces (subsets of features/dimensions) of the data is cast into the problem of searching

for line clusters embedded in subspaces of the data. We reiterate, that by searching for correlations,

pattern clusters as a special case of correlations can also be identified. The line clustering algorithm

called SLCLUS (Subspace Line CLUStering) is based on a stochastic model fitting technique. It

uses a line detector procedure to search for line clusters in subspaces of the data, a forward-feature-

selection technique to extend and refine a cluster, and a random walk on the feature’s lattice to select

an initial set of features to initiate the clustering process. The algorithm in its most generic form

can be stated as follows: find a line cluster in an initial set of dimensions using a random walk on

the feature’s lattice. Using forward-feature-selection add dimensions (features) to extend and refine

the line cluster until no more dimensions can be added, in which case a line cluster is assumed to be

found. Remove the identified line cluster from data set and reapply the first two steps on remaining

set of points. The algorithm is designed so that it detects the the largest possible clusters embedded

in the largest possible subspaces. The rational is that correlations induced by larger clusters in a

larger set of features provide stronger evidence pertaining to the relationship between the objects

under consideration, and from a statistical point of view is less likely to occur by chance.
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3.1 Line Detectors

Four line detectors were evaluated amongst which the most accurate and efficient was chosen to be

used by SLCLUS; a RANSAC [15] based method, two versions of LMCLUS [14], and an adaptation of

K-means [16] to line clustering, all of which are stochastic (based on sampling). RANSAC (Random

Sample Consensus) is a model fitting algorithm that repeatedly samples points from the data to

instantiate the model parameters (e.g., two points that may a define a line), finds data points that fit

the model, and returns the “best” model along with its fitted points. The two versions of LMCLUS

we used as part of our evaluation were forced to search only for 1D manifolds, one returning the first

identified manifold, and the other the “best” among all the 1D manifolds identified. The K-means

adaptation we used proceeded as normal, but instead of using points as cluster centers it uses lines as

cluster centers, and returns the best cluster. Each of these algorithms was evaluated using different

criteria to qualify the “best” clusters or models.

The Hough transform [17] which may also be used as a line detector requires the quantization of

the “parameter space” into bins, and selects the bins with the largest count corresponding to a set of

parameters which define a model that passes through most points. In higher dimensional spaces more

parameters are required to define a model (even as simple as a line model), i.e., the dimensionality

of the parameter space gets larger. As a result the average number of counts per single bin is very

low, making it hard to distinguish meaningful bins from others. Moreover, in higher dimensional

spaces the quantization of the parameter space and accumulation of counts renders the method from

being efficient. Due to these deficiencies the Hough transform was omitted from our evaluation of

line detectors.

Each of the candidate line detector methods was tested on several different synthetic data

sets, and its accuracy (number of points correctly assigned) and efficiency (time in seconds) were

measured. Because of their stochastic nature, each method was run several times on each data set,

and the averages were recorded. We found LMCLUS and RANSAC to be the most accurate, and

among the two RANSAC to be more efficient. A sample of these results is presented in table 1

for illustrative purposes. Based on this finding, in addition to RANSAC’s simplicity and relatively

intuitive input parameters, we chose a RANSAC based method as our line detector. The final version

of the line detector algorithm is outlined in Fig. 3. The last step (return statement) ensures that

the largest line clusters are detected by the overall line clustering algorithm.
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RANSAC LMCLUSb LMCLUS1 line K-means

accuracy time accuracy time accuracy time accuracy time

1 0.95 0.05 1.00 2.68 1.00 1.79 0.56 0.05

2 0.95 0.16 0.69 12.2 0.41 3.26 0.58 0.40

3 0.84 0.16 0.92 9.46 0.90 3.44 0.57 0.53

4 0.93 0.35 0.91 17.2 0.93 4.13 0.62 0.78

5 0.92 0.48 0.83 21.9 0.87 4.41 0.72 1.06

6 0.91 0.89 0.61 18.1 0.64 5.03 0.73 1.62

7 0.78 0.10 0.95 6.19 0.95 3.08 0.67 0.22

8 0.91 0.16 0.86 11.9 0.84 3.77 0.72 0.32

9 0.81 0.16 0.81 10.1 0.83 3.37 0.70 0.33

10 0.74 0.48 0.47 29.5 0.41 4.18 0.46 0.90

Table 1: A summary of the line detector selection experiment. The table shows the accuracy and
running time (in seconds) of each of the line detector methods applied on a sample of 10 synthetic
data sets. LMCLUSb is the version that returns the best line cluster among all identified, and
LMCLUS1 the version returning the first cluster identified.

Algorithm LineDetector (X, s, d, t)
repeat s times

sample two points x1,x2 from X
determine line parameters µ = x1, β = (x2 − x1)/‖(x2 − x1)‖
determine the number of points in the data that are within

distance d (”inliers”) from the line
return the line with most inliers if it includes at least t inliers

Figure 3: A RANSAC based line detector algorithm.
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3.2 Feature Selection

Feature selection techniques attempt to discover the most revelent attributes of the data as part

of a machine learning or model building process. In our case feature selection is used to select

the best and largest possible set of features in which a set of points fits a line. Finding the the

optimal set of features by an exhaustive search trough all possible subsets of features is typically

infeasible. For this reason most feature selection techniques employ a greedy hill-climbing approach.

The basic procedure involves identifying an initial model, and iteratively improving the model by

adding or removing features in accordance with some criteria until there is no improvement or when

a predetermined number of steps has been reached. Forward selection techniques are bottom-up

methods which start with an empty or small set of features and at each step add the most “relevant”

feature to the model. Backward elimination techniques are top-down approaches which start with

the full set of features and remove the most “irrelevant” feature at each step. Stepwise methods

employ a combination of two, and depending on the direction of search are called forward stepwise

and backward stepwise [18]. Supported by the following proposition we chose a bottom-up approach

to extend and refine line clusters.

Proposition 2 (Downward Closure Property of Lines). If there exists a line in a set of k dimensions

then there exits a line in all k − 1 subsets of these k dimensions.

Proof : Based on the model given in eq. (1) and similar to the proof of proposition 1 each of the k

components xi of each point constituting a line can be modeled by xi = µi + βiφ. We can therefore

select any subset of k − 1 components where each of the components is modeled as above, and join

them together into a vector producing x′ = µ′ + β′φ, the model of a k − 1-dimensional line.

Proposition 2 tells us that if a set of points form a line cluster in some set of dimensions it

is possible to commence the search for the cluster in a smaller set of dimensions, and iteratively

extend it in a bottom-up manner using forward selection. Moreover, the search for clusters in lower

dimensions is typically easier (faster) than a search for clusters in higher dimensions. Proposition 2

also provides pruning power. That is, if a line cluster is not visible in a smaller set of dimensions

it is not necessary to search for it in higher dimensions. Using this property we can also devise

a termination condition for the algorithm, i.e., if the line detector is not able to detect any more

clusters in a small initial set of dimensions then the algorithm should terminate. The combination of

the bottom-up approach and proposition 2 also ensures that the line clusters are found in the largest
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possible subspaces.

Because a top-down approach will not be able to exploit the advantages of the downward clo-

sure property of lines we choose to adopt a bottom-up forward (or stepwise) selection approach. It

now remains to determine how an initial set of features is selected to start the clustering process.

One possibility is to start the process with line clusters of the smallest possible dimensionality, i.e.,

two-dimensional line clusters. This can achieved by searching through all possible 2D subspaces for a

line cluster using the line detector algorithm. Needless to say that this possibility is computationally

feasible as it only quadratic in the dimensionality of the data. However, confirmed by experiments

presented in section 7, clusters tend to overlap when projected from higher dimensional spaces into

lower dimensional spaces. Hence, the projection of several line clusters embedded in higher dimen-

sional spaces into a lower dimensional space may either mask each other or appear as a single cluster.

This in turn may “confuse” feature selection used to extend a cluster in the determination of which

features are relevant to the cluster. Ideally the clustering process should start with a larger set of ini-

tial features, close in number to the dimensionality of the subspace in which some line cluster exists.

This will not only improve cluster detection accuracy but also improve efficiency as the extension

process will be shorter. To achieve this goal we propose a method that is based on a random walk

on the features lattice.

3.3 Selecting an Initial Set of Features by Random Walk

The potential of random walk approaches in context of level-wise algorithms such as those frequently

used to mine association rules is discussed in [19]. However, completely different from our approach,

rather than walking up the itemset or features lattice the random walk used by SLCLUS walks down

the features lattice so that subspaces and line clusters of higher dimensionality are examined and

intercepted sooner. The basic idea can be stated as follows: starting from the full set of features,

randomly remove one feature at a time, after each removal invoke the line detector algorithm to

detect line clusters in the subspace defined by the remaining features, and repeat the process until

a line cluster is detected, or until no more features are left to be removed. As mentioned, ideally we

would like the random walk to stop sooner, i.e., after the removal of fewer features, so that initial

line clusters will be intercepted at higher dimensions closer to the dimensionality of the subspace in

which they are embedded.

More formally, let F be the full set of features, and LF be the lattice (poset) defined by (P(F ),⊆).

12



If F1 and F2 are two elements in LF (subsets of F ), we say that F2 is more general than F1 or F1

more specific than F2 denoted by F2 ≺ F1 if F2 ⊂ F1. Let F ′ ⊆ F be a set of features (subspace)

in which some line cluster exists, and F ′′ be the set of features remaining after each feature removal

during the walk. If at a certain point during the random walk F ′′ ⊆ F ′, i.e., a subset of features

that constitute a higher dimensional line cluster is detected, we can stop the random walk and use

F ′′ as our starting point (initial set of features). Then using forward selection we can extend the line

cluster currently residing in the subspace defined by the features of F ′′ to the higher dimensional

subspace in which the cluster exists defined by the features of F ′. Due to the downward closure

property of lines, once this condition is met it is not necessary to continue the walk (remove features)

as any subset of F ′′ will also contain a line cluster. Thus, the method can be restated as: perform a

random walk on LF starting from F and moving in the generalization direction until either F ′′ ⊆ F ′

or F ′′ = ∅.

In order to examine the statistical properties of the random walk we assume the line detector

procedure will always be able to identify a line cluster in a subspace if such a cluster exists. Let

X denote a random variable counting the number of features remaining upon termination of the

random walk, i.e., the dimensionality of the subspace in which a line cluster (if one exists) is first

detected. The larger X is the better. We say the random walk fails if it fails to detect a line cluster

when one exists, i.e. when X < 2. Likewise we say the random walk succeeds when X ≥ 2, that is, a

set of at least two features that are a subset of the set of features in which a line cluster exists were

encountered by the walk. Let d denote the dimensionality of the data, c the number of line clusters

in the data, and k the dimensionality of the subspaces in which each of line clusters is embedded.

The requirement that all the clusters reside in exactly a k-dimensional subspace and not in subspaces

of different dimensionalities is considered a limiting case. We note however that these k-dimensional

subspaces need not necessarily be the same subspaces. Furthermore, let P (X = x|d, c, k) denote

the probability that the random walk intercepted a set F ′′ of x features such that F ′′ is a subset

of at least one of the feature sets F ′

1, F
′

2, . . . , F
′

c in which some of the c k-dimensional clusters are

embedded, and where the dimensionality of the full space is d, i.e.,

P (X = x|d, c, k) = P

(

c
⋃

i=1

(F ′′ ⊆ F ′

i ∩ |F ′′| = x)

)

.

Because we have no prior knowledge of the the subspaces in which the clusters exist we will assume
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F ′

1, F
′

2, . . . , F
′

c are all drawn randomly and independently with replacement (allowing for clusters to

exist in the same subspaces) from LF .

The statistical properties of the walk we are interested in finding and examining are: P (success) =

P (X ≥ 2|d, c, k), this will tell us how likely we are to intercept a subset of features that are part of

a cluster. E[X |d, c, k], this will tell us at which dimension or how soon we can expect to intercept

such a subset of features. The larger this value the better, as it will indicate that we can expect to

intercept a cluster sooner. Given d, what should k be so that E[X |d, c, k] ≥ 2 ? or alternatively what

should the ratio between d and k be so that E[X |d, c, k] ≥ 2 ? This will tell us how large should the

subspace in which clusters exists be so that we can expect the random walk to succeed, or what is

the range of subspace dimensionalities in which the walk is effective. This will guide us to decide on

which types of data sets (containing clusters in lower or higher dimensional subspaces) the random

walk can be applied successfully. It is reasonable to assume that the larger the dimensionality of the

subspaces with respect to the dimensionality of the data the more likely it is that the walk will suc-

ceed or intercept a cluster sooner. Another question we would like to answer is whether the random

walk will perform better when more clusters exist in the data? It seems reasonable to assume that

the answer is yes.

We first consider the simpler case in which only one cluster exists in the data and then extend

the results to multiple clusters.

Lemma 1.

P (X ≥ x|d, 1, k) =

(

k
x

)

(

d

x

) .

Proof : We are given |F | = d, |F ′| = k and X ≤ k. X = x implies that the random walk yielded a

subset of features F ′′ such that F ′′ ⊆ F ′ and |F ′′| = x. This in turn happens when d−x features have

been removed (sampled) from the set F by the random walk, and of those features removed exactly

k− x are removed (sampled) from the set F ′ (to yield the set F ′′ ⊆ F ′ ), and d− x− (k− x) = d− k

features removed (sampled) from the set F − F ′ where |F − F ′| = d − k. The probability of this

event occurring, similar to other hypergeometric problems, is given by

(

k
k−x

)(

d−x
d−x

)

(

d
d−x

) =

(

k

x

)

(

d
x

) .
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However, this probability does not take into account the order in which the features are removed.

It includes other successful random walks that stopped earlier, i.e., X > x (F ′′ ⊆ F ′ and F ′′ > x),

but would have lead to X = x if the walks were allowed to continue removing features. After all, if

F ′′ ⊆ F ′ then any subset of F ′′ will also be a subset of F ′. Therefore,

(

k
x

)

(

d

x

) = P (F ′′ ⊆ F ′ ∩ |F ′′| ≥ x) = P (X ≥ x|d, 1, k).

Lemma 2.

P (X = x|d, c, k) =

c
∑

i=1

(−1)i−1

(

c

i

)





(

(

k
x

)

(

d

x

)

)i

−

(
(

k

x+1

)

(

d

x+1

)

)i


 .

Proof : because F ′

1, F
′

2, . . . , F
′

c are independently sampled

P (F ′′ ⊆ F ′

1 ∩ |F ′′| ≥ x) = . . . = P (F ′′ ⊆ F ′

c ∩ |F ′′| ≥ x)

= P (F ′′ ⊆ F ′ ∩ |F ′′| ≥ x) = P (X ≥ x|d, 1, k) =

(

k
x

)

(

d

x

) .

Using the inclusion-exclusion principle

P (X ≥ x|d, c, k) = P

(

c
⋃

i=1

(F ′′ ⊆ F ′

i ∩ |F ′′| ≥ x)

)

=

c
∑

i=1

(−1)i−1

(

c

i

)

P





i
⋂

j=1

(

F ′′ ⊆ F ′

j ∩ |F ′′| ≥ x
)





=

c
∑

i=1

(−1)i−1

(

c

i

)

P (F ′′ ⊆ F ′ ∩ |F ′′| ≥ x)
i

=

c
∑

i=1

(−1)i−1

(

c

i

)

P (X ≥ x|d, 1, k)i

=
c
∑

i=1

(−1)i−1

(

c

i

)

(

(

k

x

)

(

d
x

)

)i

,
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and using the identity P (X = x) = P (X ≥ x) − P (X ≥ x + 1) we get

P (X = x|d, c, k) = P (X ≥ x|d, c, k) − P (X ≥ (x + 1)|d, c, k)

=





c
∑

i=1

(−1)i−1

(

c

i

)

(

(

k
x

)

(

d

x

)

)i


−





c
∑

i=1

(−1)i−1

(

c

i

)

(
(

k

x+1

)

(

d

x+1

)

)i




=

c
∑

i=1

(−1)i−1

(

c

i

)





(

(

k
x

)

(

d

x

)

)i

−

(
(

k

x+1

)

(

d

x+1

)

)i


 .

(2)

Knowing P (X = x|d, c, k) by lemma 2 allows us to compute the statistics of interest, e.g.,

P (success) = 1 − (P (X = 0|d, c, k) + P (X = 1|d, c, k)) and E[X |d, c, k] =
∑k

i=0
i · P (X = i|d, c, k).

Using Figs. 4-6 we summarize our conclusions. Figs. 4 and 5 show the change in the probability

of the random walk succeeding and the expected dimensionality of the clusters intercepted by the

random walk respectively, as the number of clusters c in the data set and the dimensionality of

the subspaces k in which the clusters exist are varied. Each curve represents a different number of

clusters in the data set, where the lowest curve represents a data set with one cluster and the highest

with ten clusters (c = 1, . . . , 10). For illustrative purposes the dimensionality of the data is fixed

at 50, but similar patterns can be observed for other data dimensionalities. It is clear from Fig. 4

that as the number of clusters increases and/or the dimensionality of the subspaces in which clusters

are embedded is increased the probability of success increases. It is also evident that even when

a small number of clusters exist in the data but the clusters are embedded in higher dimensional

subspaces there is a high probability of success. Hence, one conclusion that can be drawn is that the

random walk is likely to succeed when a large (not necessarily extremely large) number of clusters

exist in the data and the clusters are embedded in a relatively higher dimensional subspace. Fig. 5

similarly shows that the random walk is more effective, that is, clusters are intercepted sooner and

at higher dimensions when the clusters are embedded in higher dimensional subspaces. The more

effective region of the random walk seems to be approximately the upper third range of subspace

dimensionalities. The figure also shows that the expected value converges to an exponential and that

the addition of more clusters beyond a certain point will not enhance the capability of the random

walk detecting clusters sooner. Fig. 6 shows the dimensionality of the subspace required, given

varying data dimensionalities and varying number of clusters so that we can expect the random walk

to succeed. By computing the slope of each of the curves we may conclude that beyond a certain
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Figure 4: Probability of a random walk succeeding.
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Figure 5: The expected dimensionality of a cluster intercepted by the random walk.

number of clusters the required dimensionality of the subspaces in which clusters are embedded, so

that on expectation the random walk will succeed, should be approximately larger than a third of

the data dimensionality. One more important conclusion that can be drawn from the figures is that

if the random walk fails, it is likely that the clusters are embedded in lower dimensional subspaces, in

which case we can revert to our first solution, which is to initialize the clustering process by searching

for 2D line clusters in all possible 2D subspaces.

3.4 The Distance of a Point to a Line

The line detector algorithm requires the computation of a point’s distance to a line. The squared

distance (henceforth distance) of a point to a line is the norm squared of its projection to the space

orthogonal to the line. Formally, the distance δ of a point x modeled by eq. (1) to a k-dimensional
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Figure 6: The required dimensionality of the subspace in which clusters exist so that we can expect
the random walk to succeed.

line is given by:

δ = ‖(I − ββ
′)(x − µ)‖2 = ‖(I − ββ

′)(βφ + β̄ǫ)‖2

= ‖βφ − βφ + β̄ǫ − 0‖2 = ‖β̄ǫ‖2 = (β̄ǫ)′β̄ǫ

= ǫ′β̄
′

β̄ǫ = ǫ′ǫ =

k−1
∑

i=1

ǫ2i .

According to the line cluster model ǫi ∼ N(0, σ2). Therefore the distance δ normalized by σ2 will

have

δ

σ2
=

k−1
∑

i=1

ǫ2i
σ2

∼ χ2
k−1,

a chi-squared distribution with k − 1 degrees of freedom. Hence,

E[δ] = E[σ2χ2
k−1] = (k − 1)σ2 and Var[δ] = Var[σ2χ2

k−1] = 2(k − 1)σ4.

Because the distance grows with the dimensionality of the subspace in which it measured, and since

the search for line clusters will be computed across different dimensionalities, we normalize the

distance by its degrees of freedom (k − 1) or equivalently the dimensionality of the space orthogonal

to the line. This creates a uniform or normalized distance measure which is independent of the

dimensionality of the subspace in which it is measured. Therefore the normalized distance δ/(k − 1)

has

E

[

δ

k − 1

]

= σ2 and Var

[

δ

k − 1

]

=
2σ4

k − 1
. (3)
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The expected value and variance of the normalized distance will be used as heuristics to set the input

parameters to the algorithm, discussed in section 4.

Lemma 3. ‖(I − ββ′)(x − µ)‖2 = ||x − µ||2 − ||β′(x − µ)||2.

Proof : Let y = x − µ,

||(I − ββ′)y||2 = ||y − ββ′y||2

= (y − ββ′y)′(y − ββ′y)

= y′y − 2y′ββ′y − y′(ββ′)2y

= y′y − y′ββ′y (ββ′ is Idempotent)

= ||y||2 − ||β′y||2.

Lemma 3 provides us a much more efficient way of computing the distance. If k is the dimensionality

of the subspace in which the distance is computed, then computing it using lemma 3 gives us a

speedup of O(k), which for high dimensional spaces becomes a significant factor.

3.5 The Score (Fit) function

At each forward selection step the quality of the line cluster returned by the line detector must be

assessed according to some criteria in order to determine whether or not to proceed to the next

step. The criteria used in this paper to assess the quality of a cluster is the “fit” of the set of

points constituting the cluster to the line in which they are embedded. The fit is defined to be the

average-normalized-squared-distance (average error) of the points to the line.

If k is the dimensionality of the subspace in which a cluster is detected, n the number of points

constituting the cluster, X the cluster points, and xi the i-th point. Then the fit or score function

J(X) is defined as

J(X) =
1

n(k − 1)

n
∑

i=1

(

||xi − µ||2 − ||β′(xi − µ)||2
)

. (4)

Prior to the fit computation, µ and β must be estimated. µ is estimated by computing the sample

mean of the cluster. Using least-squares it can be shown that an estimate for β is the largest

eigenvector of the cluster’s covariance matrix, which can be computed using the power method.

To guide the algorithm to give certain preferences to the size and dimensionality of the cluster,
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J(X) can be modified as follows:

J ′(X) = J(X)na(k − 1)b. (5)

For example guiding the algorithm to prefer even higher dimensional subspaces we can set b to some

value less than zero. Based on eq. (3)

E[J(X)] = σ2 and Var[J(X)] =
2σ4

n(k − 1)
, (6)

which will also be used as heuristics to set the input parameters, and discussed in section 4.

3.6 Putting it All Together

SLCLUS (Fig. 7) commences by a random walk to select an initial set of features to initiate the

clustering process. If the walk failed then the initial set of features is determined by searching

through all possible 2D subspaces for the best 2D line cluster. If no such cluster exists then SLCLUS

terminates. If either the random walk succeeds or a 2D line cluster is detected, then SLCLUS

proceeds by repeatedly calling the forward selection procedure (Fig. 8) to extend the cluster into

higher dimensions and refine it, until no “improvement” can be made. A cluster is improved if its fit

J(X) decreased. At this point a line cluster is assumed to be found, it is outputted, removed from

the data, and the algorithm is reapplied on the remaining set of points until no more points are left to

be clustered. The forward selection procedure extends a cluster one dimension at a time, by choosing

the dimension whose data when added to an existing cluster, attains the maximum reduction in the

fit J(X). We note that by calling the line detector procedure from within the forward selection

procedure the algorithm ensures that line clusters are refined by also pealing off unrelated points

from them. This refinement is necessary when the projection of several line clusters appear as one

line cluster in lower dimensional subspaces. In addition, if the random walk fails it is likely that a

cluster is embedded in a lower dimensional subspace, in which case searching through all possible 2D

subspaces is likely to reveal it since it is less masked or overlapped by other cluster projections.
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Algorithm SLCLUS (D, s, d, t, J)
J(X) = ∞
X=perform random walk(D)
if (J(X) > J)

X=find the best 2D-line cluster(D)
if (J(X) > J)

terminate

while ( |dims(X)| < |dims(D)| )
X ′=ForwardSelection (X, s, d, t)
if (J(X ′) < J(X))

X = X ′

else

break

output X
D = D − pts(X)
if (D 6= ∅)

goto first step

return

Figure 7: The subspace line clustering algorithm. D is the data set. X is a line cluster data structure
containing the set of points in the cluster (pts(X)) and the set of cluster dimensions (dims(X)). X
is updated whenever points/dimensions are added/removed from the cluster.

Algorithm ForwardSelection (X, s, d, t)
Y = X
while (unexamined dimensions of X remain)

select an unexamined dimension of X
add dimension data to X
X ′ =LineDetector(X,s, d, t)
if (J(X ′) < J(Y ))

Y = X ′

restore X
return Y

Figure 8: The forward selection subroutine used to gradually extend the subspace in which line
clusters are detected and to peel off points which do not belong to the cluster.
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4 Setting the Input Parameters

The algorithm requires the input of four parameters; s, a sample size parameter used to specify the

maximum number of attempts that should be made by the line detector to identify a line cluster;

d, the maximum distance of a point to a line allowed for it to be considered an “inlier”, i.e., d can

considered an error tolerance; t, a threshold used to specify that a large enough cluster has been

detected; J , a “fit” threshold used to determine whether the algorithm should terminate, i.e., that

no more clusters with a sufficient enough fit are left in the data.

t is relatively intuitive but may require some domain knowledge about the number of points we

expect to see in a cluster. For example, in gene expression clustering typical functional categories

contain a small amount of genes, and therefore t should be set to a low value.

d and J are also relatively intuitive and easy to set. They pertain to the error tolerance or

deviation from the line we are willing to allow, and indirectly effect the magnitude of correlations

the generated clusters will induce. E.g., setting them to higher values will likely generate clusters

inducing lower correlations. Assuming we are willing to accept clusters whose average deviation

(distance) from a line is σ (i.e, we are assuming that ǫ ∼ N(0, σ2I)), then using the statistics derived

in eq. (3) and eq. (6) as heuristics, we can set d and J to their expected value plus a number of

their standard deviations,

d = σ2 + cσ2

√

2

(k − 1)
, (7)

and

J = σ2 + cσ2

√

2

n(k − 1)
, (8)

where c is the number of standard deviations. Since these values depend on k-the dimensionality

of the subspace in which a cluster is either searched for or reported, the two parameters must be

adjusted dynamically by the algorithm depending on k. Hence, the two parameters should simply

be set to d = J = σ.

s should be selected large enough to ensure with high probability that at least one of the samples

of two points are within error tolerance to a line, i.e., come from the same line cluster. This in turn

will ensure that the sampled points can be used to approximate the line in which a possible cluster is

embedded and to collect its remaining points. Let p be the probability that two sampled points come

from the same cluster, X be a geometric random variable denoting the number of trails (samples)

22



s
K p

ǫ = 0.05 ǫ = 0.01

2 0.2500 10 16
4 0.0625 46 71
6 0.0278 106 163
8 0.0156 190 292
10 0.0100 298 458
12 0.0069 430 661
14 0.0051 586 900
16 0.0039 765 1177
18 0.0031 969 1490
20 0.0025 1197 1840

Table 2: Values for input parameter s.

needed to get one success (two points coming from the same cluster), and F (X) its cumulative

distribution function. If we want to ensure with probability 1 − ǫ (where 0 < ǫ < 1) a success then

the number of trials s needed should satisfy

F (X) = P (X ≤ s) = 1 − (1 − p)s ≥ 1 − ǫ,

yielding that s should be set to

s ≥
log ǫ

log(1 − p)
. (9)

It now remains to determine p, the probability that two sampled points come from the same cluster.

One way is to assume that there are no more than K clusters of approximately the same size in the

data set, and set p = 1/K2. Another way is to use t and set p = (|D|/t)2, where |D| is the number

of points being clustered. Table 2 uses p = 1/K2 to show some values of s, for corresponding values

of K and ǫ.

5 Algorithmic Complexity and Optimizations

SLCLUS’s overall worst case time complexity in terms of the size of the data-n, the dimensionality

of the data-d, the largest dimensionality of the subspaces in which line clusters are embedded-k,

is O(n, d3, k3). Due to space limitations a detailed proof is omitted. Nonetheless it can easily be

derived by observing that the complexity of line detector procedure is O(nk), the complexity of

estimating the model parameters is O(nk2), the complexity of the procedures used to initiate the

clustering process (finding the best 2D line cluster, and the random walk) is O(d2n) and O(nd3),
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and the complexity of the forward selection procedure is O(dni2), where i is the dimensionality of

the subspace currently being examined.

The flexibility of SLCLUS comes at a price. Its main bottleneck is associated with the estimation

of the line parameter β which is used to compute the fit J(X). Rather than estimating it by

computing a covariance matrix and its associated largest eigenvector using the power method, it is

possible to obtain slightly lesser accurate estimates of it by other methods. One possible method

is to use the two points sampled by the line detector as a less accurate estimate. That is, along

with the line cluster points, the line detector procedure also returns the corresponding parameters

µ = x1 and β = (x1 − x2)/‖x1 − x2‖ that were used to identify the line. This will result in an

algorithm whose complexity is O(n, d2, k2). Another more accurate estimate of β can be obtained

using a monte carlo approach similar to the one used by the line detector procedure. After a line

is detected, using only the line points, we repeat s times: sample two points x1,x2, let µ = x1,

and let β = (x1 − x2)/‖x1 − x2‖, compute J(X) the fit, and return the β that yielded the best

fit, i.e., smallest value of J(X). The rational is that because we are using only the line points it

is likely (can be shown mathematically) that with a large enough sample size we will be able to

sample two points that can a define a line which is very close to the true line that passes through

the data. Also because the true β is obtained through a least squares method that essentially seeks

to minimize J(X), the smaller it is, the closer the corresponding sampled β is to its true value. The

resulting complexity of the algorithm using this method is also O(n, d2, k2). We note however that

even without the optimizations the complexity of SLCLUS with respect to the dimensionality of the

subspaces in which clusters are embedded is only cubic, as opposed to related subspace clustering

algorithms such as CLIQUE [1] and MAFIA [3], which are exponential in the dimensionality of the

subspaces.

6 Extensions to Fuzzy and Soft Clustering

In many applications like gene expression clustering some genes may belong to multiple functional

categories, and thus “hard” (discrete) clustering may not always be adequate. Unlike hard cluster-

ing, “soft” clustering allows for objects to belong to multiple clusters, whereas “fuzzy” clustering

associates each object with each cluster by its degree of membership typically ranging in [0, 1].

Upon termination of the algorithm the data is first modeled as a mixture of line cluster models
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based on the generated clusters. For each of the generated clusters we estimate the line parameters

µ and β and compute two histograms h and h̄ corresponding to estimates of the pdf’s of the cluster

points on the line and their distance away from the line respectively. h and h̄ may be thought of as

estimates of the pdf’s of the random variables φ and ||ǫ||2 appearing in eq. (1). Using h and h̄ we

can then estimate the density of a point x given a cluster C (or its model parameters) as

p(x|C) = h(β′(x − µ))h̄(‖(I − ββ′)(x − µ)‖2). (10)

That is, the density of a point given a line cluster is the joint probability of its component on the

line (projection onto the line) and its component away from the line (distance). Because φ and ǫ are

assumed independent according to the line cluster model (the noise distribution is independent of

the signal’s distribution), this joint probability is simply the product of the marginals estimated by

h and h̄. Using p(x|C) we can then devise various probabilistic measures of association/membership

which can be used to generate soft, fuzzy, and hard clusterings. Assuming the clustering generated

K clusters C1, C2, . . . , CK . Let P (Ci) be the fraction of points in cluster Ci, then using a Bayesian

approach, the measure of association of a point x to cluster Ci is given by

P (Ci|x) =
p(x|Ci)P (Ci)

∑K

j=1
p(x|Cj)P (Cj)

, (11)

establishing the basis of a fuzzy clustering. To perform soft clustering, we simply select the clusters for

which P (Ci|x) ≥ τ , where τ is some predetermined threshold. Similarly, to assign points to clusters

in a hard way, we select the cluster for which P (Ci|x) is the largest. This scheme of classification

also allows us to assign newly unobserved points to clusters.

7 Empirical validation

We experimented with SLCLUS by applying it on both real and synthetic data sets. The algorithm

was implemented in a Linux based Matlab environment.

7.1 Experiments with Synthetic Data

To better understand the algorithm, several dozen data sets were generated according to the line

cluster model specified in eq. (1). The aim of the experiment with the synthetic data was to evaluate
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the algorithm’s accuracy in the detection of both the clusters that were generated and the subspaces

in which they were embedded, along with an empirical evaluation of the random walk’s effectiveness

and its contribution to the algorithm’s performance.

To determine the algorithm’s accuracy in cluster detection we used an external cluster validity

criteria called Cluster Purity [20], which measures the degree of correspondence between the point

class labels of each output cluster with its mapped input cluster (input cluster with the largest

number of points in common), weighted by the size of the output cluster. The determination of the

algorithm’s accuracy in subspace detection was measured by the degree of correspondence between

the subspace feature labels of the output and input clusters. Both accuracy measures range in [0, 1],

where larger values indicate better accuracy. Due to the stochastic nature of the algorithm each

test was repeated between 10-100 times depending on the size and dimensionality of the data, and

average accuracies were recorded.

For our first set of experiments with synthetic data we generated low-dimensional data sets in

order to avoid as much as possible the overlap of cluster projections. This in turn enabled us to

examine the general performance of the algorithm without the random walk (the clustering process

starts with clusters in 2D subspaces). These data sets consisted of 5-50 dimensions, where for each

selected dimensionality three types of data sets were created. One with a small number of clusters

(4-6 clusters), one with a small number of clusters to which noise points were added representing

approximately 30% of the data. And a third type of data set containing a larger number of clusters

(8-11). We also ensured that the dimensionality of the subspaces in which clusters were embedded

ranged across the dimensionality of the data. From a pool of dozens of synthetic data sets on which

the algorithm was applied, a representative sample of seven of each of the three different types

(21 in total) of data sets was selected for illustrative purposes. The performance (accuracy) of the

algorithm applied on these data sets is summarized in table 3. The table shows that the algorithm

is able to maintain high levels of accuracy in cluster point detection (denoted by ‘pts’ in the table)

and good overall performance in the detection of the subspaces which the clusters were embedded

(denoted by ‘dim’ in the table). However, the table shows that as the dimension of the data sets

increases, the accuracy in subspace detection deteriorates. We attribute this behavior to the overlap

of cluster projections phenomena, i.e., the possibility that the projection of several clusters embedded

in high dimensional spaces into lower dimensional spaces appear as single clusters when the algorithm

commences the search, which “confuses” it in the determination of which features are relevant to
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small small+noise large
data dim

pts dim pts dim pts dim

5 0.96 0.99 0.89 0.97 0.92 0.94
8 0.99 1.0 0.94 0.99 0.98 0.99
10 0.99 0.98 0.97 0.98 0.93 0.94
15 0.97 0.93 0.96 0.93 0.97 0.91
20 0.99 0.79 0.90 0.90 0.96 0.95
30 0.94 0.96 0.82 0.95 0.96 0.91
50 0.97 0.65 0.93 0.92 0.90 0.67

Table 3: SLCLUS’s performance, without random walk when applied on low-dimensional data.

-RW +RW
data dim

pts dim pts dim

60 0.66 0.50 1.00 0.94
75 0.66 0.56 1.00 0.86
80 1.00 0.66 1.00 0.99
90 0.79 0.41 1.00 0.93
100 0.85 0.59 1.00 0.85

Table 4: SLCLUS’s performance, with and without the random walk, applied on high-dimensional
data.

each cluster. The next two sets of experiments demonstrate that the addition of the random walk as

a mechanism of selecting a “better” initial set of dimensions which are used to start the clustering

process, is able to rectify this problem.

For the second set of experiments with synthetic data we generated higher dimensional data sets,

and conforming with the conclusions made in section 3.3, embedded the line clusters in subspaces

whose dimensionality ranged in the upper third range of subspace dimensionalities. For example,

for a data set whose dimensionality is 60 we embedded line clusters in subspaces whose range of

dimensionalities was [40, 60]. On each of the generated data sets we applied SLCLUS with and

without the random walk, in order to evaluate the random walk’s utility. A sample of five data sets

containing between 3-6 clusters each and whose data dimensionality ranged in 60-100 were selected

for illustrative purposes. The performance of SLCLUS applied on these data sets is summarized

in table 4. The table shows that when the clusters are embedded in higher dimensional subspaces

employing the random walk (+RW in table) provides a significant gain in performance (specially

in subspace detection) over initializing the clustering process with 2D line clusters (-RW in table).

The addition of the random walk in a sense provids a mechanism to minimize and in some cases

completely avoid the effects of the overlap of cluster projections.

In our third and last set of experiments with synthetic data we generated lower and higher

27



+RW
data dim

pts dim

40 1.00 0.85
55 0.99 0.80
70 0.95 0.72
85 0.99 0.75
100 0.99 0.79
120 1.00 0.85

Table 5: SLCLUS’s performance applied on data sets with uniformly distributed subspace dimen-
sionalities.

dimensional data sets, but this time embedded the line clusters in subspaces whose dimensionality

ranged uniformly across the data dimensionality, resulting in data sets whose clusters were embedded

in lower, moderately higher, and high dimensional subspaces of the data. The algorithm was applied

on these data sets in its complete form, i.e., with the random walk. The aim was to evaluate overall

performance when no prior knowledge about subspace dimensionalities is available. The performance

of the algorithm applied on a representative sample of these type of data sets is summarized in table

5. The table shows that the algorithm is able to achieve high accuracy in cluster point detection,

and moderately high accuracy (at an acceptable level) in subspace detection. Combined with the

results of the second set of experiments we validate our conclusion from section 3.3 that the random

walk is more effective when the clusters are embedded in higher-dimensional subspaces.

In summary, we have demonstrated that in a controlled environment the algorithm is able to

perform very well in many cases. It was able to achieve very high accuracy in cluster point detection

for all cases, and relatively high accuracy in subspace detection for most cases. In the worst case

the algorithm miss-detected on average only 20% of subspace dimensions. We also demonstrated

that the addition of the random walk as a method of selecting an initial set of features to start the

clustering process significantly enhances algorithm performance for high dimensional data sets. It

also evident that in this setting it is not possible to completely avoid the effects of the overlap of

cluster projections, which seem to effect only the detection of cluster subspace dimensions.

Although not designed to target the same clusters as our line clustering algorithm, we have also

implemented the FLOC algorithm [6] (a more efficient implementation of the biclustering algorithm

[5]) as a representative of the pattern clustering/biclustering family of algorithms. However, since it

is not designed to identify line clusters we generated synthetic data that follows the bicluster or shift

pattern cluster model, which as stated earlier is a special case of the line cluster model (lines with slope
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one). These data sets were of varying dimensionality (low and high dimensional data) and included

clusters that were embedded in subspaces whose dimensionality ranged across the dimensionality of

the data. We then applied both algorithms on these data sets and compared their performance.

Even though the FLOC algorithm takes as input the number of clusters assumed to exist in the

data, an advantage when comparing algorithms in a supervised or controlled environment, the line

clustering algorithm was able to outperform the FLOC algorithm by an average margin of 0.2 in the

accuracy of cluster point detection and and average margin of 0.5 in accuracy of subspace detection.

We note however that the FLOC algorithm was able to complete the experiments faster than the

line clustering algorithm, a result consistent with the computational complexity of the algorithms.

We also note that a version of SLCLUS that employed a forward-stepwise feature selection

approach was implemented and evaluated. We believed that the forward-stepwise approach would

result in better accuracy, but discovered that on average not many backward elimination (feature

removal) steps were executed, and better accuracy was not achieved. Due to the overhead associated

with the backward steps we preferred use the simpler forward selection approach.

7.2 Experiments with Real Data

We conducted extensive tests on three data set. Two data sets that have become standard bench-

marking data sets for clustering gene expression data–the yeast Saccharomyces Cerevisiae cell cycle

expression data [21] obtained from http://arep.med.harvard.edu/biclustering/, and the Colon

Cancer data [22] obtained from http://microarray.princeton.edu/oncology/. The third– Jester

obtained from http://ieor.berkeley.edu/~goldberg/jester-data/, is a data set used in an on-

line joke collaborative filtering/recommender system [23].

7.2.1 Yeast Data

The yeast data contains 2884 genes (objects) and 17 time points/conditions (dimensions), and is a

very attractive data set for evaluating clustering algorithms because many of the genes contained in

it are biologically characterized and have already been assigned to different phases of the cell cycle.

Applied on this data set SLCLUS discovered 62 line clusters. We compared these clusters with the

100 biclusters reported by the biclustering algorithm [5], which were obtained from http://arep.

med.harvard.edu/biclustering/. The clusters’ size detected by SLCLUS ranged in [15, 255] and

on average much smaller than the clusters reported by the biclustering algorithm. As mentioned
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Figure 9: mean squared residue score (MSRS) versus average correlation of yeast clusters detected
by SLCLUS.

already, from a biological standpoint this makes sense, as the whole yeast genome contains roughly

only 6000 genes, and typical functional categories of the yeast genome contain dozens rather than

hundreds of genes that were included in some of the biclusters. The dimensionality of the clusters

detected by our algorithm ranged in [3, 16] and was on average smaller than the dimensionality

of the biclusters. We also compared the mean squared residue score (MSRS) which is part of the

shift pattern cluster model and used by the biclustering algorithm as a criteria to identify shift

pattern clusters. The authors of the biclustering algorithm used MSRS=300 as a threshold to qualify

“worthy” biclusters. SLCLUS detected on average clusters with a slightly larger MSRS. However,

this is reasonable since our algorithm was not restricted to searching only for shift pattern clusters

for which this score was designed. Nonetheless, our algorithm was successful in finding clusters that

induce large correlations. We used average correlation, defined to be the average of the absolute

value of the correlation coefficient between each pair of features belonging to a cluster, to quantify

the degree of correlation induced by a cluster. After the removal of 3 outlier clusters (clusters with

average correlation less than 0.8) the mean average correlation was found to be 0.96. Fig. 9 is a plot

of MSRS versus average correlation of the clusters detected by our algorithm. The figure shows that

there are gene clusters in the data that induce large correlations and may be functionally related,

yet do not follow the shift pattern cluster model (have MSRS>300), supporting one of the main

motivations for this work. We note that some of the clusters found by our algorithm did follow the

shift pattern cluster model.

We also evaluated the biological significance of the clusters SLCLUS produced by means of
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Genes in MIPS Functional Genes in Clustered P-value
Cluster Category Category Genes

ribosome biogenesis 215 27 1.698e-09
211 protein synthesis 359 35 5.649e-09

cytoplasm 554 37 2.696e-05

cytoplasm 554 15 1.565e-14
17 protein synthesis 359 13 1.178e-13

ribosome biogenesis 215 11 6.229e-13
subcellular localisation 2256 16 8.658e-07

193 amino acid biosynthesis 118 13 5.462e-05

49 amino acid metabolism 204 6 6.740e-06

16 cell cycle and 628 9 5.772e-06
DNA processing

Table 6: MIPS gene function enrichment.

function enrichment [21]–the degree to which the clusters grouped genes of common function. This

was done by computing for each cluster P-values (using the hypergeometric distribution) of observing

a certain number of genes within a cluster from a particular MIPS (Munich Information Center for

Protein Sequences, http://mips.gsf.de/) functional category. Table 6 shows five of them that had

smaller P-values, indicating that SLCLUS is able to detect statistically significant clusters.

7.2.2 Cancer Data

The cancer data contains 2000 genes (objects) and 62 tissue samples (dimensions), of which 40 are

colon tumor and 22 normal colon samples. The goal in this experiment was to identify gene clusters

that can differentiate the cancerous tissues from the normal ones. These clusters may later afford

researchers the ability design classifiers for diagnostic purposes. Applied on this data set SLCLUS

detected 81 line clusters. The size of the clusters was generally small, the largest cluster contained

21 genes. The dimensionality of the subspaces in which the clusters were embedded ranged in [4, 16].

The average MSRS of the clusters was 15243, indicating that most of the clusters did not follow the

shift pattern cluster model. However, their mean average correlation (after removal of two outlier

clusters) on the other hand was around 0.83. Again indicating that related groups of genes may exist

in the data, yet are overlooked by most clustering methods.

We also found seven gene clusters that were present in either only the normal tissues or only

the cancerous tissues. One cluster contained only normal tissues and the remaining six only can-

cerous tissues. They contained a small number of genes 16-18, and were embedded in subspaces of

dimensionality ranging in [4, 9], i.e., contained between 4-9 tissues. The average correlation of these
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clusters was around 0.88, higher than the rest of the clusters, providing evidence that the genes

within these clusters may be functionally related and can used for discriminatory purposes. Most

of the remaining clusters contained a mixture of tissues none with an overwhelmingly majority of

normal or cancerous tissues.

7.2.3 Jester Data

The Jester data set contains a million continuous ratings in the range [−10.00, 10.00] of 100 jokes

(dimensions) from 73421 users (objects). Not all users rated all jokes, thus the data contains missing

values. We extracted a subset of 6916 users that rated all jokes. Applied on this data set SLCLUS

identified 252 line clusters with the following statistics. The average size (number of users) of the

clusters was 28 and the average dimensionality (number of jokes) of the clusters was 10. Again

we examined the MSRS of the clusters to get an idea of what types of patterns were identified.

Surprisingly we discovered that most of the clusters followed the shift pattern (slope one clusters

in the collaborative filtering literature) with a very low average MSRS of approximately 5. This

finding demonstrates that while being able to identify a wider and more general spectrum of patterns

SLCLUS does not over look the more common patterns, which as stated are a special case of the

line cluster model, when those are present or more evident in the data. After the removal of 29

outlier clusters the average correlation was found to be approximately 0.7, and not as high as in the

preceding two experiments.

7.2.4 A Note on Cluster Validation

Until a consensus is reached pertaining to the question of which patterns carry biologically relevant

information, and appropriate cluster validation techniques are devised (when ground truth is not

available), the clustering of gene expression data may be considered a subjective process which

depends on the cluster models assumed in advance, and which yields different views or interpretations

of the data depending on the clustering technique fitted to the assumed cluster models. In this respect

the line clustering paradigm makes less assumptions as it generalizes several more specific cluster

models. The derivation and evaluation of such validity measures is beyond the scope of this paper.

Hence, the experimental results presented in this section are by no means an attempt to report

discoveries of biologically relevant and previously unknown results. The aim is to merely point out

and demonstrate a method which is able to identify pattern clusters that could be of biological
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relevance, some of which are overlooked by other methods.

8 Conclusions

The problem of searching for clusters that induce large correlations among some subset of features or

the so called “pattern clusters” as a special case, was cast into the problem of searching for groups of

points the fit lines in subspaces of the data. The advantage of this paradigm of clustering as opposed

to existing methods is that is allows the clustering of different types of patterns or correlations

simultaneously. It also allows the clustering of patterns and correlations that are overlooked by

existing methods. A formal stochastic line cluster model was presented, and based on it an algorithm

that searches for line clusters embedded in subspaces of the data was proposed. The potential of the

algorithm was demonstrated by applying it on real and synthetic data sets, however its flexibility

comes at a price. Its main bottleneck is associated with the computation of the leading eigenvector

of a cluster’s covariance matrix, which used to estimate model parameters. Some optimizations were

proposed. In future work we plan to investigate these and other optimizations. In addition we also

plan to investigate cluster validation methods appropriate for correlation and pattern clustering.
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