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1 Introduction

Pattern-matching on graphs is the problem of finding a homomorphic or iso-
morphic image of a given graph, called the pattern, in another graph, called the
target. This problem is also known as graph/subgraph homomorphism or sub-
graph isomorphism, and in the pattern recognition literature is usually refereed
to as exact and inexact graph matching.

Graph matching is a fundamental task in a variety of pattern recognition
applications such as character recognition, natural langauge processing, and
computer vision. Many techniques, both general and application specific have
been proposed for solving this problem. One family of graph matching tech-
niques based on spectral graph theory, and generally known as spectral methods,
seeks to represent and distinguish structural properties of graphs using eigen-
values and eigenvectors of graph adjacency matrices. The main characteristic
of this method is that the eigenvalues of graph adjacency matrices are invari-
ant with respect to node permutations. A direct consequence of this is that
if two graphs are isomorphic then their adjacency matrices will have the same
eigenvalues.

In this paper we propose a novel approach for solving SAT. We first show
how SAT can be formulated as a graph homomorphism problem, i.e. reduce
SAT to graph homomorphism, and then develop a search strategy for SAT
which is based on spectral methods. Needless to say that graph homomor-
phism NP-complete, merely for the fact that it is as generalization of subgraph
isomorphism which is known to be NP-complete [GJ79]. Our aim is to show
that this approach is more versatile and outperforms existing strategies on
certain class instances.

2 A Graph Homomorphism formulation of SAT

We first discuss homomorphisms in the context of relations, and then show how
it applies to graphs, boolean matrices, and operations on boolean matrices.

2.1 Relational Homomorphism [Har78, HK78]

Definition 1 (Composition∗). Let A and B be two sets, R a binary relation
such that R ⊆ A × A, and H a binary relation such that H ⊆ A × B. Define
the composition of R with H by

R ◦∗ H = {(b, b′) ∈ B × B | for some (a, a′) ∈ R, (a, b) ∈ H and (a′, b′) ∈ H}
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Note that this definition is different from the usual definition of binary relation
composition. It is used in order to facilitate the idea is that a pair (a, a′) in
relation R can be mapped to a pair (b, b′) only under the condition that the
relation H associates b with a and b′ with a′. R◦∗H is equivalent to HT ◦R◦H
using the regular definition of composition, where HT = {(a, b)|(b, a) ∈ H}.
Definition 2 (Homomorphism). Let R ⊆ A×A, S ⊆ B×B, and H ⊆ A×B.
H is a homomorphism of R into S iff:

1. H is defined everywhere on A (total), that is, for every a ∈ A, there exists
a b ∈ B such that (a, b) ∈ H.

2. H is single-valued on B, that is, if (a, b) ∈ H and (a, b′) ∈ H then b = b′.
(the first two conditions ensure that H is a mapping)

3. R ◦∗ H ⊆ S.

The idea is that for a relation H ⊆ A × B to be a homomorphism of R to
S we insist that H be capable of mapping each pair in R to some pair in S.
We also allow some pairs in S to be the image of no pair in R. This idea can
be depicted by the graphs in figure 1, where the nodes of R resp., S are the
elements of set A, resp., set B, and the edges of R resp., S correspond to the
pairs in relation R, resp., S.

2.2 Graph Homomorphism[VM97, SS93]

Definition 3. A (directed) graph G = (V, E) consists of a set V and a relation
E ⊆ V × V . The elements of V are called vertices, and E is called the relation
associated to G. It is said that there is an arc from vertex v to vertex v′ if
(v, v′) ∈ E. A graph G = (V, E) is finite if |V | is finite, and is undirected if E
is symmetric, in which case the arcs are called edges.

The classic [GJ79] definition of the graph homomorphism problem is as
follows. Later we show how this problem can be applied to boolean matrices
and operations on boolean matrices.

Definition 4 (Graph Homomorphism). :
Input: Two graphs G = (V, E) and G′ = (V ′, E′).
Question: Does There exist a mapping H : V �→ V ′ such that ∀(x, y) ∈ E →
(H(x), H(y)) ∈ E′ ?

The relation E associated to the graph G can be represented by a boolean
matrix A, where aij = 1 if arc (vi, vj) ∈ E, and aij = 0 otherwise. Likewise
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a homomorphism H ⊆ V × V ′ which is also a relation can be represented
by a boolean matrix A, where aij = 1 if (vi, vj) ∈ H. Usually the relation
and its corresponding boolean matrix are denoted by the same name. Using
these matrices a homomorphism from one graph to another can be defined as
follows, and later used to illustrate the process of tree search for solving the
graph homomorphism problem.

Definition 5. A relation H ⊆ V × V ′ is a homomorphism from graph G =
(V, E) to graph G′ = (V ′, E′) if:

1. I ⊆ HHT , that is H is total (I is the identity matrix).

2. HT H ⊆ I, that is H is single valued (injective).

3. E ⊆ HE′HT , that is H is structure preserving.

The idea of these conditions is: for H to be total every v ∈ V must
be associated with at least one v′ ∈ V ′. Starting with and element of v and
applying H, which in terms of matrix operations is the operation HT v, where v
is a boolean vector having 1 in v′s position and 0 elsewhere, and then applying
HT , which is the operation Hv, and together is H(HT v), should at least yield
the original element. Thus I ⊆ HHT . For H to be single valued every v ∈ V
must be associated with at most one v′ ∈ V ′. So staring with v′ (an image), and
applying HT (getting the predecessors of v′) and then applying H (getting the
successors of Hv′), i.e. HT (Hv′), we should get at most v′. Thus HT H ⊆ I. For
H to be structure preserving, if x, y are two vertices form V with images HT x
and HT y, then xyT ⊆ E shall imply that HT xHT y ⊆ E′, which by the first
condition (I ⊆ HHT ) and monotonicity (R ⊆ S → QR ⊆ QS), is equivalent to
xyT ⊆ HE′HT , thus E ⊆ HE′HT . An illustration of a homomorphism from
one graph to another is presented in figure 1.

2.3 Relational/Graph Homomorphism Formulation of SAT

We first review the original formulation of the SAT problem.

Definition 6. Let X = x1, x2, ..., xn be a finite set of Boolean variables,
and let X̄ = x̄1, x̄2, ..., x̄n stand for the negations of x1, x2, ..., xn. we call the
elements of X ∪ X̄ literals. We call a set of literals a clause C, and a set
of clauses a formula φ. We say that a formula is in conjunctive normal
form (CNF), if φ =

∧n
i=1 Ci, where n ≥ 1, and each Ci is the disjunction of

one or more literals.
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a1 a2

a3 a4

a5 a6

H = {
(a1, b1)
(a2, b3)
(a3, b3)
(a4, b4)
(a5, b6)
(a6, b7)
}

b1

b3 b4 b2

b6 b7 b5

R S

0 0 1 1 0 0
0 0 0 1 0 0
1 0 0 0 1 1
1 1 0 0 0 1
0 0 1 0 0 1
0 0 1 1 1 0

1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

0 0 1 1 0 0 0
0 0 0 1 1 0 0
1 0 0 1 0 1 1
1 1 1 0 0 0 1
0 1 0 0 0 0 1
0 0 1 0 0 0 1
0 0 1 1 1 1 0

Figure 1: Relational/Subgraph homomorphism

Definition 7. A truth assignment T for φ is a mapping T : X → {1, 0}. A
literal u is true under T (T |= u) iff T (u) = 1. A truth assignment T for X
satisfies a clause C ∈ φ, where φ is a Boolean formula in CNF, iff at least one
literal u ∈ C is true under T . We say that T satisfies φ iff it satisfies every
clause in φ.

Definition 8 (SAT problem).

Input: A Boolean formula φ in conjunctive normal form.
Question: Does there exist a satisfying truth assignment for φ ?

To simplify the manipulation of CNF formulas, it is helpful to represent them
as sets. In doing so we eliminate the order of clauses and order of literals in
each clause. A clause C =

∨
j≤m lj is represented as the set C = {lj |j ≤ m},

e.g. (p∨ q ∨ r) will be denoted as {pqr}. A formula φ =
∧

i≤n Ci is represented
as the set φ = {Ci|i ≤ n}, e.g (p ∨ q) ∧ (p̄ ∨ r) will be denoted as {{pq}, {p̄r}},
or simply {pq, p̄r}.

Formulated this way, the problem of finding a satisfying assignment can be
viewed as the problem of finding a mapping H from variables to truth values,
i.e. H : X �→ {0, 1} that satisfies the formula. We know that a boolean formula
in CNF is satisfiable if and only if all its clauses are mutually satisfiable, and
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a clause is satisfiable if and only if one of its literals evaluates to true under
some truth assignment. Therefore rather than searching for a mapping from
variables to truth values, we propose that the SAT problem be viewed as the
problem of searching for a mapping from clauses to literals, that is, for each
clause select a literal that satisfies it, maintaining consistency in the selection.

Definition 9. let A = {C | C ∈ φ}, that is A is the set of clauses appearing
in boolean formula φ. Let B = {l | ∃Ci ∈ φ such that l ∈ Ci}, that is B is the
set of literals appearing in formula φ.

Definition 10. Let T ⊆ A × P (B), T = {(a, l) | a ∈ A and l ∈ a}. T is the
set of all possible pairs of clauses and literals appearing in the formula, with
the restriction that a clause can only be paired with a literal appearing in it.

Definition 11 (constraint graph, pattern graph). let GR = (A, R) be
an undirected graph where R ⊆ A × A, R = { (ai, aj) | ∃l ∈ B such that l ∈
ai and l̄ ∈ aj}. That is, R contains pairs of clauses that have a literal appearing
in one element of the pair and its negation in the other element of the pair.
The idea is that R represents the relationship between clauses that constraint
each other.

Definition 12 (consistency graph, target graph). let GS = (B, R) be an
undirected graph with loops where S ⊆ B × B, S = { (bi, bj) | bi ∈ B, bj ∈
B and bi 
= b̄j}. The idea is for S to maintain the consistency of literal selection
for each clause. Once a literal is selected to satisfy one clause, its negation
cannot be selected to satisfy another.

To show that SAT can be formulated as a graph pattern-matching or more
prissily as a graph homomorphism problem we first need to show that S, the
consistency graph has the potential of being a homomorphic image of r, the
constraint graph. That is, if E and E′ are the set of edges of graphs R and
S respectively then |E| ≤ |E′|. Note that the same observation for the sets of
vertices of R and S, V and V ′ respectively, |V | ≤ |V ′| does not need to hold
in the case of graph homomorphism as opposed to the problem of subgraph
isomorphism. An example is the formula φ = {x1, x2, x1x2}, there are 3 vertices
in constraint graph R, but only 2 in the consistency graph S, yet still there
exists a homomorphic image of R in S. Also note that the observation will
not hold for formulas containing a clause that has a literal and its complement
appearing in it, e.g. φ = {x1, x̄1, x1x̄1}, in which case the clause is satisfiable
and can be omitted from the formula. An other observation is that |E| = |E′|
when the formula is empty, in which case it is trivially satisfiable, or when it
contains an empty clause, in which case it is trivially unsatisfiable.

Proposition 1. if R = (V, E) and S = (V ′, E′) are the constraint and consis-
tency graphs respectively then |E| ≤ |E′|.
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Proof : The proof is by induction on the number of edges in the graphs, i.e by
constructing graphs GR and GS gradually, adding one edge at a time to GR and
observing its effect on the construction of GS . The procedure for constructing
the two graphs is as follows: for each clause in the formula we add a vertex in
GR, then we scan the clause and for each of its literals we add a vertex to GS

if it does not already appear in GS along with its loop and edges connecting
it to other vertices already in GS . We then check if the complement of this
literal appears in another clause, if so we add an edge to GR connecting these
two clauses.

The observation is true for the trivial case when GR contains no edges.
In that case GS will have at least one edge which is a loop placed on one of
the vertices representing a literal appearing in some clause in GR. Assume the
observation is true for n edges appearing in GR, i.e. |E| = n ≤ |E′|. Now
we add an edge to GR which will then contain n + 1 edges. There are three
possible cases to consider. This edge may connect two vertices in GR which are
not connected to any other vertices in GR, or the edge may be incident to one
vertex in GR which is already connected to another vertex and to another that
is not connected to any other of the vertices in GR, or the edge connects two
vertices in GR which are already connected to other vertices. In the first case,
the two vertices in GR that are now connected by an edge correspond to clauses
that are different than any of the clauses already in GR or else they would have
already been in GR, therefore they must differ from all other clauses by at
least one literal. These literals must therefor be added to GS along with their
loops. These added loops (at least 2) to GS make up for the edge just added
to GR. Moreover, if each clause contains more than one literal not appearing
in other clauses already in GR, these also will be connected by an edge in GS

as long as they do not complement each other, and to all other vertices already
in GS . In the second case one vertex exists in GR but the other does not. This
vertex corresponds to a clause that is different than all others already in GR

and therefore must contain at least one literal that is not in GS . By adding this
literal along with its loop we make up for the edge just added to GR. Moreover,
as in the previous case this new vertex must be connect to all other vertices
already appearing in GS . In the last case an edge is added to two vertices
already connected to other vertices in GR, this means based on the procedure
for constructing the graphs, that there is literal appearing in one of the two
clauses represented by these vertices that was not already in GS . So add this
literal as a vertex to GS along with its loop and connections to other vertices
in GS , and it makes up for the edge added to GR.

Theorem 1. A formula φ is satisfiable if and only if:

1. There exists a homomorphism H from graph GR to graph GS.
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2. H ⊆ T .

Proof : (→) If there exists a graph homomorphism H from graph GR into graph
GS such that H ⊆ T then each clause in φ is mapped to a literal appearing in
it. By assigning true to that literal each clause can then be satisfied. To show
that the clauses are mutually satisfiable we need to show that no two clauses
are mapped to a literal and its complement. But if two clauses are mapped
to two complementing literals then these clauses would have been connected
in GR by an edge, however if that was the case then the structure preserving
mapping H must express this edge in GS by connecting the two complementing
literals. By the definition of GS such an edge cannot be present. Therefore no
two clauses are mapped to a literal and its complement.
(←) If formula φ is satisfiable then each clause can be mapped to at least one
literal (assigned true) appearing in it, and no two clauses are assigned to a
literal and its complement. Let H express this mapping. We need to show that
H is structure preserving, i.e. that every pair of clauses that are connected by
an edge in GR are mapped by H to a pair of literals that are also connected
by an edge in GS . For the formula to be satisfiable, an edge in GR connecting
two clauses implies that these clauses are mapped to two non-complementing
literals. But by the definition of GS every non-complementing pair of literals
are connected by an edge. If the clauses were mapped to the same literal, this
would have according to the definition of GS been expressed by a loop placed
on that literal. Therefore GH is structure preserving.

Definition 13 (SAT revisited).

Input: < R, S, T >.
Question: Does there exist a graph homomorphism H from GR to GS, such
that H ⊆ T ?

For examples see figures 2 and 3.

2.4 Tree-search for Subgraph Homomorphism

Solving graph homomorphism can be viewed as a tree search. If G is the pat-
tern graph and G′ is the target graph, then a graph homomorphism H can be
viewed as an n × m boolean matrix, satisfying the three conditions given in
definition 5, and where n and m are the number of vertices in G and G′ respec-
tively. Such a matrix will have exactly one 1 in each row, although it may have
more than one 1 in each column. Candidates for the homomorphism are then
the leaves of the following n − depth m − ary tree. In our case we are inter-
ested in finding one homomorphism, which can best be solved by performing
a depth-first search on this tree, returning the first matrix satisfying the three
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φ = {x1x2, x̄1x2x3, x̄2}

c1

c2 c3

H = {
(c1, x1)
(c2, x3)
(c3, x̄2)
}

x1

x2 x3

x̄1 x̄2

GR GS

Figure 2: The satisfying assignment can be read from H, x1 = 1, x2 = 0, x3 =
1. Note that H = {(c1, x̄1), (c2, x̄2), (c3, x3)} is also a homomorphism satisfying
condition 1 of theorem 1, but not 2 (H ⊆ T ).

φ = {x1x2, x̄1x2, x̄2}

c1

c2 c3

H =??? x1

x̄1 x2

x̄2

GR GS

Figure 3: here condition 1 of theorem 1 is violated (no homomorphism exists),
indicating that φ is unsatisfiable.

conditions. The search for a homomorphism can be improved in various ways.
Some entries in the start matrix can be set to 0 if the corresponding mapping of
the pattern vertex to a target one is forbidden. In our case the start matrix will
be the matrix representing relation T from definition 10, which encompasses
the restriction that a clause can only be paired with a literal appearing in it.
Another improvement is based on the fact that the image of a vertex which
is adjacent to some other vertex has to be adjacent to the image of the other
vertex, thus a branch containing a mapping that violates this condition can be
pruned. Another improvement is the pruning of nodes that contain an incon-
sistency, for example if clause ci is mapped to literal lj then no other clause
cannot be mapped to l̄j . In [VM97] the authors present significant performance
improvements for certain graphs, by reducing the problem of finding a homo-
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morphic image of one graph in another to the problem of finding homomorphic
images of every connected component of one graph in the other. An illustration
of tree-search for the SAT instance and related graphs of figure 3, is sketched
in figure 4.

1 1 0 0
0 1 1 0
0 0 0 1

1 0 0 0
0 1 1 0
0 0 0 1

0 1 0 0
0 1 1 0
0 0 0 1

1 0 0 0
0 1 0 0
0 0 0 1

1 0 0 0
0 0 1 0
0 0 0 1

0 1 0 0
0 1 0 0
0 0 0 1

0 1 0 0
0 0 1 0
0 0 0 1

Figure 4: Tree-search for the SAT instance and related graphs of figure 3.
Because the instance is unsatisfiable none of the leaves are homomorphisms,
they all violate the conditions of definition 5.
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3 Graph Matching Using Spectral Graph Theory

Of all the deep connections between combinatorics and linear algebra, those in
the field known as spectral graph theory are among the most mysterious. Upon
first encounter, it may seem quite bizarre that eigenvalues and eigenvectors of
matrices should have anything at all to say about graph properties. But when
looked at in the right way, this connection turns out to be quite natural and
powerful.

As mentioned earlier the main characteristic of spectral methods is that
the eigenvalues of graph adjacency matrices are invariant with respect to node
permutations. A direct consequence of this is that if two graphs are isomorphic
then their adjacency matrices will have the same eigenvalues. Unfortunately
the converse is not true, namely we cannot deduce from the equality of eigen-
values that two graphs are isomorphic. Nonetheless by pairing the eigenvalues
with their corresponding eigenvectors useful information about a graph’s struc-
tural properties may be revealed. Another alluring characteristic is the ability
to map this structural information into lower-dimensional subspaces. These
properties together with the fact that computing eigenvalues/vectors (which
takes polynomial time) is far less expensive then other combinatorial methods
has attracted researchers for the purpose of solving graph matching problems.

In this paper we propose a novel approach based on spectral methods
for solving SAT, which we have shown can be reduced to the graph matching
problem. We adopt some of the techniques developed by Kosinov and Caelli
in [KC02] and Luo et al. in [BRH03], for solving inexact subgraph matching
by projections of vertices into the eigenspaces of graphs. The main theme of
these techniques is to pose graph matching not as a combinatorial matching
problem but, rather as one of clustering common local relational structures
between different graphs, by grouping vertices of different graphs which share
similar relational properties.

3.1 Mathematical Foundations

This section lays the mathematical foundations that lead the main theorem
that the eigenvalues of graph adjacency matrices are invariant with respect to
node permutations, and to the eigenspace projection methods used later on.

Definition 14 (Eigenvalues, Eigenvectors). Let A be an n×n matrix. The
scalar λ is called an eigenvalue (proper value) of A if there is a nonzero vector
x such that

Ax = λx

the vector x is called an eigenvector of A corresponding to λ.
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To find the eigenvalues and eigenvectors for an n × n matrix A , we write the
equation Ax = λx in the form λIx = Ax, which then produces

(λI − A)x = 0

This homogeneous system of equations has nonzero solutions if and only if
(λI − A) is not invertible, that is, if and only if det(λI − A) = 0.

Theorem 2. Let A be an n × n matrix.

1. An eigenvalue of A is a scalar λ such that det(λI − A) = 0.

2. The eigenvectors of A corresponding to λ are the nonzero solutions of
(λI − A)x = 0.

The equation det(λI−A) = 0 is called the characteristic equation of A, and
when expanded to polynomial form, the polynomial

|λI − A| = λn + cn−1λ
n−1 + ... + c1λ + c0

is called the characteristic polynomial of A. Because the characteristic
polynomial of A is of degree n, A can have at most n distinct eigenvalues.

Theorem 3. Let A be an n×n matrix. If A has a zero eigenvalue then A has
linearly dependent rows and columns, its determinant is zero, and therefore A
is singular.

Theorem 4. Let A be an n × n matrix. The sum of the n eigenvalues of A
equals the sum of the n diagonal entries, which is known as the trace of A.
Furthermore, the product of the n eigenvalues equals the determinant of A.

Definition 15 (Coordinate Representation relative to a Basis). Let
B = {v1, v2, ..., vn} be an ordered basis for a vector space V and let x be a
vector in V such that

x = c1v1 + c2v2 ... + cnvn

The scalars c1, c2, ...cn are called the coordinates of x relative to the basis
B. The coordinate vector of x relative to B is

[x]B =

⎡⎢⎢⎢⎢⎢⎢⎣

c1

c2

.

.

.
cn

⎤⎥⎥⎥⎥⎥⎥⎦
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Definition 16 (Transition Matrix). The matrix P is called the transition
matrix from basis B to basis B′ if multiplication of P by a coordinate vector of
x relative to basis B gives the coordinate vector of x relative to B′, that is

P [x]B = [x]B′

Theorem 5. If P is the transition matrix from basis B to basis B′, then P is
invertible and the transition matrix from B′ to B is given by P−1.

Definition 17 (Similar Matrices). For square matrices A and B of order
n, B is said to be similar to A if there exists an invertible matrix P such that

B = P−1AP

The next definition relates similar matrices to adjacency matrices of graphs
and to the concept of graph isomorphism.

Definition 18. If A and B are adjacency matrices which correspond to two
different labelings of the same graph G, then for some permutation matrix P

B = P−1AP

Thus, isomorphic graphs have similar adjacency matrices.

Theorem 6 (Similar Matrices Have the Same Eigenvalues). If A and
B are similar n × n matrices, then they have the same eigenvalues. Moreover
an eigenvector x of A corresponds to an eigenvector P−1x of B.

Proof : since A = PBP−1

Ax = λx ⇒ PBP−1x = λx ⇒ B(P−1x) = λ(P−1x)

So the eigenvalue of B is still λ, and the eigenvector has been multiplied by
P−1.

Definition 19 (Diagonalizable Matrix). An n × n matrix A is diagonal-
izable if A is similar to a diagonal matrix D. That is, A is diagonalizable if
there exists an invertible matrix P such that

D = P−1AP

Theorem 7 (condition for diagonalization). An n× n matrix A is diago-
nalizable if and only if it has n linearly independent eigenvectors.

Theorem 8. If an n × n matrix A has n distinct eigenvalues, then the cor-
responding eigenvectors are linearly independent and therefore A is diagonaliz-
able.
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Theorem 9. Suppose an n × n matrix A has n linearly independent eigen-
vectors. Then if these vectors are chosen to be the columns of a matrix V , it
follows that V −1AV is a diagonal matrix D, with the eigenvalues of A along
its diagonal.

Proof : put the eigenvectors of A as the columns of V and compute the product
AV one column at a time:

AV = A[v1 : v2 : ... : vn] = [λ1v1 : λ2v2 : ... : λnvn] = V D

Rearranging the equation AV = V D we get

A = V DV −1

which is commonly referred to as the eigendecomposition of a matrix.

Since SAT is formulated in terms of undirected graphs, i.e. symmetric adja-
cency matrices the following theorem is the means by which spectral methods
can by applied to our graph matching formulation of SAT.

Theorem 10 (Real Spectral Theorem). if A is an n×n symmetric matrix,
then

1. A is diagonalizable.

2. All eigenvalues of A called the spectra of A are real.

Definition 20 (Orthogonal Matrix). A square matrix P is called orthog-
onal if it is invertible and

P−1 = P T

Definition 21. An n×n matrix P is orthogonal if its column vectors form an
orthonormal set.

Definition 22 (Orthogonally Diagonalizable). A matrix A is orthogonally
diagonalizable if there exists an orthogonal matrix P such that P−1AP = D.

Theorem 11 (Fundamental Theorem of Symmetric Matrices). Let A be
an n×n matrix. Then A is orthogonally diagonalizable and has real eigenvalues
if and only if A is symmetric.

By the last theorem we know that our adjacency matrices can be eigende-
composable into A = V DV −1 = V DV T , where V is a set of orthonormal
eigenvectors and D is a diagonal real matrix containing A′s eigenvalues.

Up to now we only dealt with adjacency matrices, other matrices which
are also consistent with the idea of graph eigenvalue invariance, and which have
been proven to be more versatile, i.e. able to deal more types of graphs, are
the Laplacian and Normal matrices [Chu97, CDS80].
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Definition 23 (Laplacian Matrix). Let dv denote the degree of vertex v.
The Laplacian matrix of graph G denoted L(G)is defined as follows

L(u, v) =

⎧⎪⎨⎪⎩
dv if u = v,

−1 if u and v are adjacent,

0 otherwise.

Definition 24 (Normal Matrix). Let dv denote the degree of vertex v. The
Normal matrix of graph G denoted N(G) is defined as follows

N(u, v) =

⎧⎪⎨⎪⎩
1 if u = v and dv 
= 0,

− 1√
dvdu

if u and v are adjacent,

0 otherwise.

Equivalently definitions of the Laplacian and Normal are

L = D − A

N = D−1/2AD−1/2

where D is the diagonal matrix of vertex degrees and A the regular adjacency
matrix.

Similar to vector norms which are used to measure the size of a vector,
matrix norms are used to measure the size matrices. Although there are several
different matrix norms, the one we will use is called the Frobenius norm, and
also referred to as the Euclidean norm.

Definition 25 (Euclidean Norm). The Euclidean norm of an n× n matrix
A denoted ||A||F is defined as the square root of the sum of the absolute squares
of its elements

||A||F =

⎛⎝ n∑
i=1

n∑
j=1

|aij |2
⎞⎠1/2

3.2 Eigenspectra and Eigenvectors of Graphs

Spectral methods for graph matching heavily rely on eigendecomposition of
adjacency matrices, which as a result of the fundamental theorem of symmetric
matrices (theorem 11) is expressed as follows:

A = V DV T
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where A is a square symmetric adjacency matrix of a graph, with aij = 1
if there exists an edge that connects vertex i with j, and aij = 0 otherwise;
V is an orthogonal matrix whose columns are normalized eigenvectors of A,
and D is a diagonal matrix containing the eigenvalues λi of matrix A. These
values, as mention before are called the spectra/spectrum of A, hance the name
spectral methods. It is also customary to replace A the adjacency matrix, by
the closely related Laplacian L or the Normal matrices for the reasons outlined
in the previous section.

As stated earlier the main property of spectral methods is that the spec-
tra of a matrix is invariant under vertex permutations/transformations. That
is, two isomorphic graphs represented by matrices A and B, and related by
B = P−1AB, where P is perceived as the permutation matrix, will have the
same eigenvalues (theorem 6). Nonetheless is was proved that the spectra of
graphs is not unique, i.e. two graphs cannot be distinguished by relying exclu-
sively on their spectra. Furthermore it was shown that as the number of vertices
gets large, the probability of occurrence of a non-isomorphic co-spectral sub-
graph pair in any two graphs being compared, asymptotically reaches unity.
These results suggest that pure spectral methods based solely on eigenvalues
are generally not rich enough to fully represent graph structure variability.

In [KC02] the authors propose to overcome this lack of uniqueness by us-
ing graph spectra coupled with the associated eigenvectors, or even by relying
solely on the eigenvectors. Another drawback usually attributed to spectral
methods is that they are not extendible to matching graphs of different sizes,
such the method proposed in [Ume88] which was among the pioneering works
in this field. This problem, according to the same authors can be eliminated by
applying normalization and projection operations, presented in the next sec-
tion. In [BRH03] the authors propose the use of other spectral features such
as eigenmode perimeter, eigenmode volume, Cheeger number, inter-mode adja-
cency matrices, and inter-mode edge distance, that provide a compact summary
of graph structure and used to overcome the same problems. These methods
will be outlined later as an alternative to the solutions provided by Kosinov
and Caelli.

3.3 Normalization and Projections

Subspace projection methods, in the principle component analysis literature,
are generally used to reduce the dimensionality of data, while minimizing the
information lose due to the decreased number of dimensions. Formally if A is
the dataset covariance matrix, then using eigendecomposition A is first decom-
posed into:

A = V DV T
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where V is a matrix of eigenvectors called the principle components, and D
a diagonal matrix of eigenvalues. The original data is then projected onto a
smaller number of most important principle components, that are associated
with the largest eigenvalues as follows:

x̂ = V T
k x

where x̂ is the projection,V T
k is the transpose matrix of k principle components,

and x is an item of the original data.

By taking the same approach, we can project vertex connectivity data
from a graph adjacency matrix onto a smaller set of its most important eigen-
vectors. The projection obtained would then represent the relational properties
of individual vertices relative to others in the lower dimensional eigenspace of
a given graph. In this eigenvector subspace, structurally similar vertices or
vertex groups will be located close to each other, which can then be used for
approximate comparison and matching of graphs.

The number of dimensions to choose for vertex projections of a given pair
of graphs, that is, the k is most important eigenvectors, is the smaller value of
the ranks of the adjacency matrices of the two graphs being compared, i.e.

k = min(rank(A1), rank(A2))

To ensure the comparability of the projections for graphs of different size, i.e.
to be able to deal with graphs of different size, the authors state that empirical
evidence suggests that an extra step of renormalization of the projections is
necessary. The idea is that for the purpose of comparing two graphs we should
not consider the values of the projections as is, but should look at how they are
positioned and oriented relative to each other in their own eigenvector subspace.
To do that we disregard the magnitudes of the projections by normalizing them
and pay attention only to the orientation. I.e. the renormalized eigenvectors
and eigenvalues become:

V ′
k =

Vk

||Vk||

D′
k =

Dk

||Dk||
where ||Vk|| and ||Dk|| are the Euclidean norms of matrices Vk and Dk re-
spectively. The renormalized subspace projection of each vertex in A, i.e the
projections of the vertices onto the renormalized eigensubspace can then be
obtained by computing:

D′
k(V

′
k)T
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If A was an n × n adjacency matrix and (V ′
k)T a k × n matrix, then the result

will be a k × n matrix who’s columns are the projections of the vertices into
the renormalized eigensubspace.

In addition we should also carry a dominant sign correction of the pro-
jection coordinates of either of the two graphs so as to align one set of vertex
projections against the other. That is, for each eigenvector, the number of its
positive and negative components is counted. The eigenvector is then multi-
plied by −1 if the number of negative components is greater than the number
of positive components, or left as is otherwise. This corresponds to setting the
direction of the axes in such a way to result in the most compatible alignment
between vertex data using the dominant sign test.

An illustration of these propositions is provided in figure 5. Two graphs X
and Y Although different in size, are nevertheless quite similar to each other.
In fact, one may see graph Y as an enlarged version of graph X. The result of
projecting the two graphs into the normalized 2D eigenvector subspace shown
on the right demonstrates the following two important features of the proposed
method: firstly, the projections of vertices of both graphs follow a similar pat-
tern, which means that it is possible to determine overall structural similarity
of graphs with different number of vertices, and secondly, one may also see
(by examining the juxtaposition of the projected vertices of both graphs) that
graph vertices with similar relational properties tend to get projected into the
areas that are close to each other. These properties are quite valuable, and, as
such, have the potential to prove useful in solving the graph matching problem.
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3.4 Clustering of Projections

The only remaining step for solving the graph matching problem is to find the
correspondence among the vertices that have similar relational properties, and
the overall similarity between the graphs. The main advantage of using clus-
tering to solve this problem is that it can equally well discover correspondence
relationships of various types, i.e. it is not limited to finding the best one-to-
one matches of vertices from one graph to the other, but it can also identify the
whole sub-graphs and vertex groups that possess similar structural properties,
which is very important if the two graphs have substantially different sizes, or
when we are seeking to find homomorphisms rather than monomorphisms such
as with our reduction of SAT to the subgraph homomorphism problem.

In order to realize vertex correspondence the authors suggest to deploy
a standard agglomerative hierarchical clustering routine. Agglomerative hier-
archical clustering is a bottom-up clustering method where clusters have sub-
clusters, which in turn have sub-clusters, etc. The clustering starts with every
single object in a single cluster. Then, in each successive iteration, it agglomer-
ates (merges) the closest pair of clusters by satisfying some similarity criteria,
until all of the data is in one cluster, or no clusters can be merged any more
because of large dissimilarity measures. A generic algorithm describing the pro-
cess of this clustering method is outlined in figure 6. To make the algorithm
more sensitive to the two graphs involved in the clustering an extra binary
dimension {0, d} is introduced into the projection data, whereon a given vertex
pair has a difference of 0 if they belong to the same graph and d if the belong
to different graphs. When all of the vertex projections are placed in their ap-
propriate hyperplanes (defined by the values of 0 and d on an additional axis),
a small distance (close to zero) between two projections will indicate structural
similarity of a pair of vertices that come from the same graph, while a distance
that is only slightly different from d will signal structural similarity of a pair
of vertices that belong to different graphs. d should always be larger than
the maximum vertex projection distance for both graphs. If the renormaliza-
tion step is carried, then d = 2 will be sufficient since all of the projection
coordinates will lie in the [−1, 1] range.

Figure 7 demonstrates the result of vertex projection clustering of two sam-
ple graphs. It recovers a natural correspondence among the groups of vertices
in these two graphs. The linkages that were established between vertices during
the clustering phase are shown as straight lines connecting the projected graph
vertices. Figures 8, 9, and 10 demonstrate the result of vertex projections of
SAT instances formulated as pairs of graphs. Note that for the satisfiable in-
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procedure AgglomerativeHierarchicalClustering(Dataset : D)
assign each x ∈ D to a separate cluster.
evaluate all pair-wise distances between clusters.
construct a distance matrix using the distance values.
look for the pair of clusters with the shortest distance.
remove the pair from the matrix and merge them.
evaluate all distances from this new cluster to all other clusters, and update the
matrix.
repeat until the distance matrix is reduced to a single element, or until no clusters
can be merged.

end.

Figure 6: A generic outline of an Agglomerative Hierarchical Clustering algo-
rithm .
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Figure 7: Clustering of vertex projections of two similar graphs.

stances the clauses and their homomorphic literal images are projected into the
same clusters, whereas for the unsatisfiable instances no correspondence can be
found within the clusters between clauses and literals. That is, the clauses and
their potential matches are projected far from each other. This leads to the
hypothesis that the overall distance between the projections of clauses and the
literals appearing in them is likely to be larger for unsatisfiable instances than
for satisfiable instances. Moreover it seems that the correspondence between
clauses and literals for satisfiable instances can be recovered by searching for
each cluster the projection of the closest literal appearing in it.

Once the correspondence clustering decomposition has been obtained, the
only remaining task is to provide a measure of how similar the two graphs
being compared are to each other. The authors of [KC02] propose a similarity
measure taken from the data mining literature, but other similarity measures,
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φ = {x1x2, x̄1x2x3, x̄2}
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Figure 8: Projection of a satisfiable instance, where the two graphs on the right
correspond to the clause and literals graphs of the SAT instance.
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φ = {x1x5, x̄1x2x4, x̄1x2x3, x̄1x4, x̄1, x̄2x̄4, x̄3}
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Figure 10: Projection of another satisfiable instance.

some of which are more suitable for our case are available.

4 Similarity Measures

The problem of similarity measures between structured objects has been studied
in the domain of structural pattern recognition and pattern analysis. In gen-
eral, similarity measures can be grouped into three main classes. Feature-based
distances, where a set of features is extracted from the structural representa-
tion of the objects, and used as n-dimensional vectors that can be compared
by the Euclidian distance. Cost-bases distances, where the distance between
two objects is measured by the number of modifications required in order to
transform one object into the other. Distribution based distances, where the
distribution of elements of the two objects are compared.

In general the concept of similarity or dissimilarity is expressed by means
of a distance function d : D × D → R, where D is a domain. If x ∈ D and
y ∈ D are two objects, then the similarity between them is usually expressed
as d(x, y). Very often the function d is a metric, i.e., it satisfies fundamental
metric space properties; non-negativity, symmetry, uniqueness, and triangular
inequality.
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4.1 Lp Distances, Minkowski Distances

Many similarity measures are based on the Lp distance between two points.
For two points x, y ∈ Rk, the Lp distance is defined as

Lp(x, y) =

(
k∑

i=0

|xi − yi|p
)1/p

This is often called the Minkowski distance. For p = 2, this yields the Euclidian
distance L2, and for p = 1, we get the Manhattan (city block) distance L1

[VH00].

We propose an extension of the L2 similarity measure which is tailored to
our problem. Recall from definition 10 that relation T where T = {(a, l) | a ∈
A and l ∈ a} and A s the set of clauses, is the set of all possible pairs of clauses
and literals appearing in the formula, with the restriction that a clause can
only be paired with a literal appearing in it. Let a′ be the projection of the
vertex corresponding to clause a into the eigenspace of the constraint graph as
described in the previous section, and similarly l′ the projection of the vertex
corresponding to literal l into the eigenspace of the consistency graph. For
all (a, l) ∈ T we first compute L2(a′, l′). Let A and B be the constraint and
consistency graphs respectively, then our first measure of similarity d1(A, B)
between graphs A and B is computed as follows

d1(A, B) =

⎛⎝ 1
|φ|

∑
a∈φ

∑
l∈a

L2(a′, l′)
|a|

⎞⎠
where |a| is the number of literal appearing in clause a, and |φ| is the number
of clauses appearing in formula φ. Thus we are first finding the mean of the
distances between each clause and its potential mapping, and then the mean
of the sum of these distances. Another measure we will be interested in record-
ing is the distance of a mapping (assuming the formula is satisfiable and the
mapping is known) expressed by relation H, where H is a set of pairs (a, l), a
being a clause and l its matched literal. Then d2 is computed as follows

d2(A, B) =

⎛⎝ 1
|H|

∑
(a,l)∈H

L2(a′, l′)

⎞⎠
where |H| is the number of pairs in H.

Both distance measures d1 and d2 take linear time in the size of the formula
if the projections are already computed.
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4.2 A Data Mining Similarity Measure

If an agglomerative hierarchical clustering routine such as the one discussed in
section 3.4 is executed, then the authors of [KC02] propose to use the following
similarity measure:

d(G1, G2) = α1 · dDB + α2 · dset

dDB =
1
M

M∑
i=1

max
j=1...M, j �=i

dij , where dij =
µi + µj

L2(ci, cj)

dset =
∑M

i=1(1 − pi)
rank(AG1) + rank(AG2)

, where pi =
|Vi(G1) − Vi(G2)|
Vi(G1) + Vi(G2)

The first component dDB in the graph similarity formula is the Davis-Bouldin
cluster validity index. Where M is the number of vertex clusters, µi is the aver-
age distance of all vertex projections in cluster i to the center ci, and L2(ci, cj)
is the distance between cluster centers ci and cj The index ranges over the
interval [0,∞] with smaller values corresponding to coherent clustering. The
second component dset is an estimate derived from the set similarity formula,
that encourages a greater number of correspondence clusters, while, at the
same time, introducing a penalty factor pi, dependent upon the degree of how
unbalanced cluster i is. In this formula Vi(G1) and Vi(G2) are the number of
vertices from graph one and two, respectively, found in the i-th cluster, and
AG1 , AG2 are the adjacency matrices of the two graphs being matched. The
authors found that the best values for α1 and α2 to be 2.5 and 1 respectively.

4.3 Distribution Based Similarity Measures

Distribution based similarity measures can be considered as a kind of distance
measure between probability densities, although some of these measures cannot
be considered real distance measures because they are not symmetric.

4.3.1 χ2 Similarity Measure

The χ2 test is generally used to test if a sample of data came from a population
with a specific distribution. We adopt the χ2 to test if the projections of
vertices from two graphs onto an eigenspace follow a similar distribution. That
is, test whether there is no significant difference between the proportions of
points in each cluster for each graph. The calculated χ2 statistic will then be
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our measure of similarity between the two graphs. The greater its value is, the
more dissimilar the graphs are. The calculation of the χ2 statistic proceeds as
follows: let xij be number of points belonging to cluster i from graph j, where
i ∈ {1 . . . n} (n is the number of clusters), j ∈ {1, 2} (for the two graphs).

1. calculate the total number of points in each cluster,

totali =
2∑

j=1

xi,j

2. calculate the total number of points in each graph,

totalj =
n∑

i=1

xi,j

3. calculate the total number of points,

Total =
2∑

j=1

totalj

4. calculate the proportion of points in each cluster,

Pi =
totali
Total

5. calculate the predicted proportion of points of each graph in each cluster,

fi,j = Pi · totalj

6. calculate the value of the χ2 statistic S, which should follow a χ2 distri-
bution with 2n degrees of freedom.

S =
n∑

i=1

2∑
j=1

(xij − fij)2

fij

4.3.2 Relative Entropy/ Kullback-Leibler Distance

Suppose we have a discrete set of symbols {a1, a2, . . . , an} with associated prob-
abilities p(ai). The information of selecting a certain element ai from the set
of symbols, which is elected with probability p(ai) is defined as

I(ai) = log
1

p(ai)
= −log p(ai)
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and used to express the level of uncertainty or measure of surprise in selecting
ai. The entropy of a given discrete distribution, which expresses the average
amount of information per symbol or the level of uncertainty in the selection
of a symbol from the set is defined as

H =
n∑

i=1

p(ai) · I(ai) = −
n∑

i=1

p(ai) log p(ai)

Suppose we now have two distributions p(ai), q(ai) over the same set of symbols,
the relative entropy or the Kullback-Leibler distance is a measure of discrepancy
between the two distributions. It and is defined as

DKL(p, q) =
n∑

i=1

q(ai) log
q(ai)
p(ai)

Note that this measure is not symmetric, i.e. DKL(p, q) 
= DKL(q, p). We adopt
the Kullback-Leibler distance as measure of similarity between our graphs as
follows. Let the set of symbols be the clusters {c1, c2, . . . , cn}, the probabilities
associated with each cluster p(ci), q(ci) are the proportion of points from each
graph in cluster i. For example if cluster i has 10 points from graph 1, and 5
points from graph 2, where the total number of points in each graph is 100 and
40 respectively, then p(ci) = 0.1 and q(ci) = 0.125. To overcome the absence of
symmetry with this measure we propose that the sum of the Kullback-Leibler
distances in each direction be our measure of similarity between the graphs,
i.e.

d(G1, G2) = DKL(p, q) + DKL(q, p) =
n∑

i=1

q(ci) log
q(ci)
p(ci)

+
n∑

i=1

p(ci) log
p(ci)
q(ci)

=
n∑

i=1

q(ci)log
q(ci)
p(ci)

− p(ci)log
q(ci)
p(ci)

=
n∑

i=1

log
q(ci)
p(ci)

(q(ci) − p(ci))

5 Other Spectral Features and Embeddings of Graphs

In the section we propose an alternative to the approach discussed thus far,
which is based on the work of Luo et al. in [BRH03]. Their method is similar
in nature to the one already discussed, where the main difference is the way
the structure of graphs is mapped into a low dimensional eigenspace. More
specifically, they use different features to characterize the structure of graphs

26



and embed them in a pattern space. Based on the eigendecomposition of the
adjacency or related Laplacian A = V DV T , and the extraction of the k most
important principle components, the following features vectors are suggested.

5.1 Unary Features

5.1.1 Leading Eigenvalues

For graph G, its feature vector is

FG = (λ1, λ2, . . . , λk)T

That is the k leading eigenvalues, or the spectrum of G.

5.1.2 Volume

The volume of a graph is defined to be the sum of the degrees of the vertices
belonging to the graph. If G is our graph, let d(i) be the degree of vertex i,
and

vol(j) =
∑

i∈V (G)

Vk(i, j)d(i)

where Vk(i, j) is the i-th component of eigenvector j, be the volume associated
with eigenvector j. Then the volume feature vector for graph G is

FG = (vol(1), vol(2), . . . , vol(k))T

5.1.3 Perimeter

For a subgraph S of G the set of perimeter edges is

∆(S) = {(u, v)|(u, v) ∈ E(G), u ∈ S, v /∈ S}

the perimeter length of S is defined to be the number of edges in the perimeter
set, i.e. Γ(S) = |∆(S)|. By analogy the perimeter length of the adjacency
matrix for eigenvector indexed x is

Γ(x) =
∑
x �=y

∑
i∈V (G)

∑
j∈V (G)

Vk(i, x)Vk(j, y)A(i, j)

The perimeter feature vector is then

FG = (Γ(1), Γ(2), . . . ,Γ(3))T
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5.1.4 Cheeger Constant

The Cheeger constant is used to solve isoperimetric problems for graphs. Isoperi-
metric problems examine optimal relations between the size of a cut the sizes
of the separated parts. A typical isoperimetric problem is to remove as few
edges of the graph as possible to separate out a subset of vertices of some de-
sired “size”, usually disconnect the graph into two almost equal parts. The
size of the separated parts is not measured by the number of vertices in each
part, but takes into account the weight each vertex has, i.e. measure the vol-
ume of the parts. Determining the Cheeger constant of a graph is equivalent
to solving the following problem: for a fixed number m, find a subset S with
m ≤ vol S ≤ vol S̄ such that ∆(S) contains as few edges as possible.

The Cheeger constant for a subgraph S of G is defined as

H(S) =
|∆(S)|

min(vol(S), vol(S̄))

where S̄ is the complement of S. The Cheeger constant of a graph G is defined
as

H(G) = min
S

H(S)

The analogue of the Cheeger constant for the i-th eigenvector of the adjacency
matrix is

H(i) =
Γ(i)

min(vol(i), vol(̄i))

where

vol(̄i) =
k∑

i=1

∑
j∈V (G)

Vk(j, i)d(j) − vol(i)

The Cheeger constant feature vector is

FG = (H(1), H(2), . . . , H(k))T

5.2 Binary Features

5.2.1 Inter-mode Adjacency Matrix

The inter-mode adjacency matrix is found by projecting the adjacency matrix
onto the basis spanned by the eigenvectors, which is computed by

U = V T
k AVk
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The element of the matrix with row i and column j is given by

U(i, j) =
∑

x∈V (G)

∑
y∈V (G)

Vk(x, i)Vk(y, j)A(x, y)

This matrix is then converted into a long vector by stacking the columns of U
in eigenvalue order. The resulting feature vector is

FG = (U(1, 1), U(1, 2), . . . , U(1, k), U(2, 1), . . . U(2, k) . . . U(k, k))T

5.2.2 Inter-mode Distances

The between mode distance is defined as the minimum number of edges, be-
tween the most significant vertices associated with each eigenvector of the ad-
jacency matrix, which is the one having the largest co-efficient in the associated
eigenvector. For eigenvector indexed i the most significant vertex is xi

xi = arg max
x

Vk(x, i)

We know that Al(i, j) is the number of paths of length l edges between vertices
i and j. Hence the minimum number of edges between the most significant
vertices of eigenvectors u and v is

du,v = arg min
l

Al(xu, xv)

To describe a graph, the inter-mode distances between pairs of eigenvectors can
be put into a k × k matrix which can be converted into a long feature vector

FG = (d1,1, d1,2, . . . , d1,k, d2,1, . . . dk,k)

5.3 Pattern Space Embedding

To embed our two graphs that are to be matched in an eigenspace, we perform
principle component analysis on the covariance matrix for the spectral pattern
vectors. In particular each of our graphs is vectorized in the way outlined
above. Let F1, F2 be the two features vectors corresponding to graphs G1 and
G2 respectively. We arrange then as the columns of matrix S, i.e.

S = [F1 |F2]

Next we compute the covariance matrix C for the the elements of the rows of
S by

C = SST
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We then extract the principle components for the data by performing in eigen-
decomposition on the covariance matrix C,

C = ΦΛΦT

where Φ is the matrix of eigenvectors/principle components, and Λ is a diagonal
matrix of eigenvalues. We use the first k leading eigenvectors to represent the
graphs. The coordinate system of the eigenspace is spanned by the k orthogonal
vectors

Φk = [φ1|φ2| . . . |φk]

The graphs represented by the feature vectors F1, F2 are then projected onto
this eigenspace using

xi = ΦT
k Fi

Thus graph Gi is represented by a k-dimensional vector xi in the eigenspace.
To measure the similarity of the two graphs we compute the Euclidian distance
between x1 and x2, i.e.

d(G1, G2) =

(
k∑

i=1

|x1i − x2i |2
)1/2

6 Data That Needs to be Recorded

Before developing a SAT search strategy we propose to record and organize sim-
ilarity measures of pairs of graphs representing a SAT instance in the following
table:

100% 75% 50% 25% 0%
d1(G, G′)
d2(G, G′)

...
dk(G, G′)

where di(G, G′) is the i-th type of similarity measure, and the percentages in
the header represent classes of SAT instances that out of the 2n possible truth
assignments, x% are satisfying assignments. Thus, the 0% class represents the
class of unsatisfiable formulas, and the 100% class represents the valid formulas.
Each cell in this table will contain a distribution and range of a certain type of
similarity measure for a certain class of SAT instances. The goal is to be able
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to model these distributions, and later use them as part of the search strategy,
which is guided by the likelihood of a formula being satisfiable or unsatisfiable.

We will also record the similarity measure of mappings. That is, a sim-
ilarity measure between the two sets of points each coming from a different
graph that constitute the homomorphic mapping of vertices from one graph to
the other. This similarity measure is different from the others in that it does
not consider all the points but only those pairs of points that belong to the
homomorphic mapping H. Its formulation was given in section 4.1, and the
reason it is recorded is to have some indication of far is a regular L2 based
similarity measure for two graphs from a possible mapping. Also it can be
used as a stopping criteria for a clustering routine, i.e. by knowing the mean
distance between a clause and its mapped literal in the projected space, we
have an estimate of the diameter of the cluster, and thus know when to stop
merging clusters.

7 A SAT search strategy

At each node of the search space DPLL based SAT algorithms select a literal
according to some heuristic/search strategy, simplify the formula based on that
selection, and deduce necessary assignments or conflicts. If a conflict has has
been encountered the algorithm must backtrack to a higher a level to repair
the assignments causing the inconsistency, otherwise the algorithm repeats the
same process, i.e. selects another variable, and continues to search deeper
levels of the search space. However, if all variables appearing in the formula
have been assigned and no inconsistencies were encountered then the formula
is satisfiable. If the whole search space was traversed without finding any
satisfying assignments (the algorithm has nowhere to backtrack to) then the
formula is unsatisfiable.

We propose to use the same approach, i.e. base our algorithm on the
DPLL procedure, but offer a novel strategy for selecting variables at each node
of the search space. Our hope is that this new strategy will lead as soon as
possible to satisfying assignments in the case of a satisfiable instance, and will
lead as soon as possible to conflicts in the case of unsatisfiable instances. The
main advantage of this approach is that it is able to deal with both satisfi-
able and unsatisfiable instances with equal or better accuracy (in the selection
of variables) than existing SAT strategies. Other advantages inherent to our
approach will be revealed later.
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7.1 The Algorithm

At the root node of the search space the formula is converted into a graph
matching problem as discussed in section 2. Based on the measure of similarity
between the clause and consistency graphs, computed by the methods discussed
in the previous section, we can determine, hopefully with high accuracy weather
the formula is likely to be satisfiable or not. In case it was determined that
the formula is more likely to be satisfiable the algorithm enters into an S
(satisfiable) mode, otherwise into a U (unsatisfiable) mode.

In the S mode the aim is to find as soon as possible a satisfying assign-
ment by an accurate selection of satisfied literals. At each node of the search
space a simple (computationally) heuristic such as randomly selecting literals
or selecting the most frequent literal, is employed to select a candidate list of
literals. For each of these literals the formula is simplified and converted into
the corresponding clause and consistency graphs. By the methods discussed
above a measure of similarity is computed for each pair of graphs. The literal
corresponding to the pair with the highest measure of similarity is then chosen.
The underlying assumption is that a formula is more likely to be satisfiable if
its corresponding graphs are more likely to be matched. Alternatively a more
accurate but computationally more expensive approach is to generate the can-
didate list by selecting literals of node pairs (from the two graphs) with the
largest proximity in the clustered subspace, and proceed as before. The as-
sumption here is that the pairs with the largest proximity are more likely to
be part of the mapping/mathcing of the nodes of the two different graphs, and
thus a safer choice. One of the most valuable properties of this approach is
at any given time, i.e. at any node an approximation of the truth assignment
can be generated by pairing the nodes of the two graphs in the clustered sub-
space. This approximation can be tested and if it turns out to be a satisfying
assignment then we are done.

U mode ... to be continued
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